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Abstract: The stability of systems of ordinary differential equations of fractional order has been a study
subject over the last two decades within fractional analysis. This study presented some fundamental results on the
stability of linear fractional systems, which has allowed, in a certain sense, the generalization of some results for
nonlinear fractional differential equations. This paper aims to present the fundamental results of the stability of
systems of nonlinear ordinary differential equations of fractional order. These results are specified and demonstrated
for a particular type of nonlinear differential equations of fractional order and applied to the analysis of the
dynamics of a Lotka—\olterra-type biological model, which allows an analysis of the interaction between three
species, some acting as prey and others as predator. The stability analysis of the prey—predator biological model
used fractional operators in the sense of Caputo, and simulations verified these results.

Keywords: fractional calculus, fractional differential equations, stability of fractional differential equations,
biological models, Lotka-Volterra type model.
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conditions is fundamental in the qualitative analysis of
differential equations. This intuitive idea makes it
possible to define stability for systems of ordinary
differential equations, which are the object of study in
mathematical models applied to various disciplines of
the exact sciences, where the aim is to provide
necessary and sufficient conditions so that, in a given
problem with established initial conditions, solutions
close to this initial value remain close during all future
time or, in a given case, tend to the equilibrium
solution [1]. The Russian physicist Lyapunov laid the
foundations for this concept of proximity in his
doctoral thesis “The General Problem of Motion
Stability” [2], in which he presented two methods to
establish the stability of systems of ordinary differential
equations.

The fundamental work of Lyapunov, which
establishes the stability of systems of ordinary
differential equations in the classical sense, has been
generalized to fractional calculus. Not all the stability
results have been extended to the non-integer case, that
is, to fractional differential equations, but significant
results established the stability of systems of ordinary
differential equations of fractional order, both linear
and nonlinear.

The significant results obtained from the modeling
and analysis of problems applied to science and
engineering through fractional operators are due to the
non-local character of their fractional operators, which
allows many of the physical phenomena with special
memory and genetic characteristics modeled by
ordinary differential equations of fractional order [3-
14].

Although fractional order differential equations
have attracted the attention of many researchers, only a
few have made significant contributions to the
construction of a clear and coherent theory of these
equations addressed in the qualitative approach, which
is an open research topic and has not had a significant
breakthrough leading to the analysis of stability
concepts on the dynamics of the solutions of such
systems. There is a gap in structured stability theory for
this type of differential equation; however, some
researchers have presented results from different
contexts and focused on stability for fractional ordinary
differential equations of linear and nonlinear type.

Although, as mentioned above, there is still no
established theory of the stability of differential
equations with fundamental contributions to this theory
made in the last two decades. Dennis Matignon is one
of the pioneers in establishing stability results for
systems of linear fractional order ordinary differential
equations. He analyzed for the first time the stability of
systems of finite dimensional fractional linear
differential equations applied to control theory. He
mentioned that stabilities are guaranteed if the roots of
some polynomial lie outside |arg(c)[<am/2, thus

generalizing the known results to the ordinary case a=1

[15]. From that time, several researchers became
interested in making significant contributions to
studying the stability of systems of fractional
differential equations of linear type.

For the nonlinear case, stability analysis is much
more complex; however, some authors have studied the
system of nonlinear differential equations of fractional
order using various approaches, and some stability
analysis methods for the ordinary case extended to
fractional order. In 2007, Tarasov mentioned that the
concept of stability concerning fractional variations is
broader than that in the classical sense of Lyapunov or
asymptotic stability. He states that fractional stability
includes the concept of classical stability as a specific
case o=1 and that systems can be unstable concerning
the first variation of states and stable concerning
fractional variation. Therefore, fractional derivatives
extend the possibility of investigating the properties of
systems of differential equations [16].

In 2009, [17] analyzed the stability of systems of
nonlinear ordinary differential equations of fractional
type using the derivative operator in the Caputo or
Riemann— Liouville sense for order 0<o<l. They
succeeded in performing an extension of classical order
stability concepts to systems of fractional order
differential equations, establishing that the drop in the
generalized energy of a dynamical system does not
have to be exponential for the system to be stable; this
decrease in energy can be of any type, including a
power law decrease.

To extend the application of fractional calculus to
nonlinear systems, they proposed stability in the sense
of the direct fractional method of Mittag-Leffler and
Lyapunov [18]. In 2010, the same authors generalized
the concepts of stability in the fractional-type Mittag—
Leffler and Lyapunov sense, providing fundamental
contributions to asymptotic-type stability for the same
order 0<a<1 [19].

The remarkable progress in the theoretical results of
fractional differential equations focused on the study of
stability is due to the applicability of modeling a
problem through fractional operators. Among the
fundamental problems modeled through fractional
operators and that have obtained better responses in
their modeling are the biological models of the prey—
predator type, also called Lotka— \olterra type models
[20-27]. These are of great importance for analyzing
the interaction between two or more species on the
dynamics between predators and their respective prey.

This article presents sections structured as follows:
the next section presents the fundamental preliminaries
of fractional operators and the properties of differential
equations of fractional order; then, the fundamental
concepts of stability of systems of ordinary differential
equations, both linear and non-linear, are presented,;
and the next section presents a description of the
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Lotka—\olterra type models studied and an analysis and
discussion of the stability analysis of the studied model
conducted.

2. Preliminaries

In this section, we will initially present the
fundamental preliminaries on fractional analysis and
then present the relevant concepts for the study of
ordinary differential equations of fractional order using
derivative operators in the sense of Riemann-
Liouville, Caputo, and Hadamard. The core references
in this section are taken from [ 28 — 35].

In this article, Z, denotes the set of positive
integers, R denotes the set of real numbers, C
represents the set of complex numbers, Re(a)
represents the real part of the complex number a and
['(+) represents the Gamma function.

Definition 1: The fractional integral in the
Riemann-Liouville sense of order a (with a € C such
that Re(a) > 0) of the function x(t) denoted by
Dt x(®)] or Ig ([x(¢)], is given by:

t
3¢ [x ()] el (tic(ss))l_a

Definition 2: The fractional derivative in the
Riemann-Liouville sense of order a (with a € C such
that Re(a) = 0) of the function x(t) denoted by
D¢, ¢ [x(®)], is given by

d"ﬂ
Dry e [x(8)] (T x(@0])

den
1 dh [t x(s) @
ds, t>ty,

ds,t >ty (1)

T T Thi-wdxn ), - s)@
wheren—1<a <n,withn € Z,.

Caputo’s  fractional  derivative allows the
consideration of initial conditions of natural order to
mathematical models represented by fractional
differential equations. These fractional derivative
operators are defined as follows:

Definition 3: The fractional derivative in the Caputo
sense of order a (with a € C such that Re(a) = 0) of
the function x(t) denoted by Df ,[x(¢)], is given by

DE[x®] = T2 [x™M ()]
1 o xM(s) 3)
T Tm-a) ), G- Aot > to
where x(™(s) represents the nth derivative of the
functionx(s)andn —1 < a <n,withn e Z,.

Just as in the solutions of ordinary differential
equations of integer order, the exponential function
plays a fundamental role. In addition, in the solutions
of differential equations of fractional order, an
analogous function called the Mittag—Leffler function
is used.

Definition 4: The Mittag—Leffler function of a
parameter « is given by

Zk
E,(z) = kz:;) m. €))

where z € C, Re(a) > 0. The Mittag—Leffler function
of two parameters « and S is given by

Sk
Eqp(z) = kz;) Tk + B (5)

where z, 8 € C, Re(a) > 0.

When g =1, E,p(z) coincides with the one-
parameter Mittag—Leffler function, that is, E, (z) =
E,(z). Moreover, when a =f =1, the function
E1 1(2) is equivalent to the function e”.

Proposition 1: If 0 <a <2 and B € C arbitrary,
then for a n € Z with n > 1 we have the following
expansions:

. 118 1 i 11
= — a — —
ap(2) =52« ¢ £, T(F = ak) 7F
1
+0 (|Z|n+1)’
with |z| = oo, |arg(z)| < a%,

and

Bap (2) = _; a7+ )

with || - oo, |arg(z)| > aZ.

The following results can be
generalizations of the exponential function.

Definition 5: The function e* = z*~1E, ,(1z%) is
called @ —exponential function, wherez € C\{0},1 € C
and Re(a) > 0.

According to proposition 1 and definition 5, it
follows that E; ; (z) = E;(2) and indeed ef? = e?*.

From definition 5 of a —exponential function and
proposition 1, we have the following result:

Proposition 2: If 0 < @ < 2 and z € C then one has
the following asymptotic equivalences for the
a —exponential function:

considered

lIma 4
a 1
For |arg(2)| < a%, you must el? ~ Tae’l"z when
|z| = .

1 1
For Jarg(z)| > a7, you must e}’ ~ —

/121"(_05) za+1

when |z| — .
Proposition 3: If 0<a <2, >0, |z]|>1, u
satisfies a% < u < min{am,m} and C >0 is a very

constant, then |E, g (2)| < %Izl where u < |arg(z)| <
TT.
Proposition 4: If Ae CV", 0<a <2, B is an

arbitrary real number, u in such that a%<u<

min{am,w} and C >0 is very constant, then ||
c

Eqp(A) lI< THIAT where u < |arg[spec(4)]| < .

The following are the fundamental definitions of
ordinary differential equations of fractional order.

Definition 6: An ordinary differential equation of
fractional order « is defined as follows:
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DE ([x] = f(t,x D} [x], D2, [x], ..., D" [x]) (6)
where x(t) is a real domain complex unknown
function,  f(t,x,xq,x2,%3, ..., X,—1) IS & known
function and ]D)fo’jt for k=1,23,..,m—1 are
fractional differential operators such that 0 <
Re(a1) < Re(ay) < Re(az) < - < Re(apy_1) <
Re(a) form e Z,, m = 2.

Definition 7: An ordinary differential equation of
fractional order a of linear type is defined as follows:

m-—1

DY [x] + ag(t)x + 2 a ODY,[x] = £(©) (7)

where x(t) is a real domain complex unknown
function, a, (t) for k = 0,1,2,3,. — 1 and f(t) are
known functions, ]D;"O,t for k = 1,2,3, .,m—1 are
fractional differential operators such that 0 <
Re(a;) < Re(az) < Re(a3z) < - < Re(ay,—1) <
Re(a) form e Z,, m > 2.

If the functions a,(t) are constant for all k =
0,1,2,3,...,m — 1, equation (7) is said to have constant
coefficients. On the contrary, if at least one of them is
variable, the equation is said to have variable
coefficients. Now, if f(t) = 0 the linear fractional
differential equation of the ordinary type is said to be
homogeneous.

The Cauchy-type problem for the Riemann—
Liouville fractional derivative presented in equation (1)

is given by

{D?o,t[x(t)] = f(t% D} [x], D2 [x, - t“;’; '[x]) ®)

DEFx(Ole=, =br, b €C  k=123,..,
_(IRe(@)]+1 if a€Z,

Wherem—{a if a€L,

The Cauchy problem for the Caputo fractional
derivative presented in equation (2) has the following
structure:

{C:Dfm[x] = £ (60 D ) D [, ) D)
x®(@) =b,, b€ (c, k= 1,2,3,
where 0 < Re(a;) < Re(ap) < Re(a3) < e <Z

Re(a,,_1) < Re(a)form e Z,,m = 2.

In this case, the initial conditions are given in terms
of ordinary derivatives, which facilitate the physical
interpretation.

The ordinary differential equation of fractional
order presented in Equation (6) can be expressed as
follows:

DZ . [x(®)] = f(t,x(®)), (10)
where  f:[ty,©) X R* > R*, & = [ay,az, ..., a,]"

withm—-1<aq,<mformeZ, and i=12,..,n
Xk = [Xp,) Xpeys o X, |T €R™ fOr k =0,1,2,...,m—1
represent suitable initial conditions wherex(t) =
[x1(t), x2(t) ..., x, (£)]" € R™. The derivative operator
denoted by ID)?"O,t represents the derivative in the
Caputo or Riemann—Liouville sense.

If a4,ay,..,a, =a then Equation (10) can be
written as

Df, ¢ [x()] = £(&x(D)), (11)
and is called a system of fractional differential
equations of the same order.

Definition 8: A constant vector x, is said to be the
equilibrium point of the system of fractional
differential equations (10), if and only if f(t,x,) =
DE, ¢ [x(O]lx(t)=x, Torall t > to.

Without loss of generality, we can consider the
equilibrium point at the origin, that is, x, =0 and
establish the following definition.

Definition 9: The solution x, = 0 of the system of
fractional order differential equations (11), is given by

1. Stable, if for any initial condition x; =
[k, Xy o X, |T €ER®  with k=0,12,..,m—1,
there exists € > 0 such that any solution x(t) of
equation (11) satisfies that||x(t)|| < € for all t > t,.

2. Asymptotically stable if it is stable and is
satisfied that ||x(t)|| = 0 when t — 4o,

3. Stability of Fractional Ordinary
Differential Equations (FDES)

In this section, we consider the main results that
have been presented on the stability of systems of
ordinary differential equations of fractional order of
linear and nonlinear types. The core references in this
section are taken from [28 — 29, 35 — 51].

For this, we consider the linear system of FDEs,

Df, ¢ [x(D)] = Ax(D), (12)
where x(t) = [x1(t), x2(t) .., x, (£)]T €R", A is a
matrix such that A € R™", @=[ay,ay,..,a,]",
DE, e [x(®)] =
[]D)tg t xl (t)]' to t [xZ (t)] to t [xn (t)]]

The derivative operator by notation lDtO,t represents

the derivative in the sense of Caputo or Riemman—
Liouville of order «;, where 0<i<2 for i=
1,2,..,n

If a1, ay,...,a, = a then the Equation (12) can be
written as
D, e [x(0)] = Ax(2). (13)

The first stability results for linear FDE systems
were presented by in [15] using tools from an algebraic
approach and using asymptotic results applied to
control theory. Said result on stability was established
for the system (13) for the order 0 < a < 1, which is
presented below.

Theorem 1: The autonomous system (13) with the
Caputo derivative and initial value xq = x(0), where
0<a<l,is

1. Asymptotically stable if and only if
|arg[spec(4)]] > a3. In this case, the state

components decay toward 0 as tia

2. Stable if and only if either it is asymptotically
stable or those critical eigenvalues which satisfy
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larg[spec(4)]| = a% have geometric multiplicity one
where spec(A) denotes the eigenvalues of the matrix A
corresponding to system (13).

From the classical theory of stability for systems of
ordinary differential equations of the linear type of
integer order, we know that we can establish the
stability of a linear system at its equilibrium point by
studying the eigenvalues of the matrix associated A to
the system. This algebraic study establishes that if the
roots of the characteristic polynomial associated with
the matrix A have a negative real part, then the linear
system is asymptotically stable.

The result presented in [15] in Theorem 1 for the
case where 0 < a < 1, shows that the roots of the
characteristic polynomial associated with the matrix A
of the system (13) lie outside the closed angular sector
larg[spec(A)]| < a%, as shown in Fig. 1.

Im

Stable Unstable
region region

Re

Fig. 1 Stability region for 0 < @ < 1 (Developed by the authors)

For the case where a =1 we have the stability
region presented in the classical sense of linear
ordinary differential equations of natural order, as
shown in Fig. 2.

Stable Unstable

region T region
\2

Re

\

Fig. 2 Stability region for « = 1 (Developed by the authors)

Note that the asymptotic stability of the system (13)
presented in Theorem 1 is also called t~% — stability

because the state components exhibit anomalous decay.
On the other hand, Qian et al. proved Theorem 1.
without using control theory entities and for the non-
asymptotic stability of the system (13) and presented
the following theorem.
Theorem 2: If all the eigenvalues of the matrix A

satisfy  |arg[spec(A)]| = a7 and the critical
eigenvalues satisfying |arg[spec(4)]| = a% have the
same algebraic and geometric multiplicities, then the
zero solution of system (13) is stable but not
asymptotically stable.

Furthermore, for system (13) [42] studied the case
when there are null eigenvalues in the matrix A of the
linear system using the Riemann-Liouville derivative
operator with asymptotic expansions of the Mittag—
Leffler function for the order 0 <a <1, of the
following way.

Theorem 3: The system (13) with the Riemann—
Liouville derivative and initial value x, =
DE [x(t)]le=r,  Where 0 < a < landty, =0, is

1. Asymptotically stable if and only if all non- zero
eigenvalues of the matrix A satisfy |arg[spec(4)]| >
a%, or the A has k —multiple zero eigenvalues

corresponding to Jordan block diag(Ji,/2, ,Ji)s
where J; is a Jordan canonical form with order n;, for
Yo m=kadnma<1for1<l<i.

2. Stable if and only if either it is asymptotically
stable, those critical eigenvalues which satisfy
|arg[spec(A)]| = @ have the same algebraic and

geometric multiplicities, or the A has k —multiple zero
eigenvalues corresponding to a Jordan block
diag(J1,/2, ---,J;), where J; is a Jordan canonical form
with order n;, for Yi_; n; =k, and na <1, for
1<I<i.

In the above theorem, the state components decay
toward 0 as t~*~! if all eigenvalues of the system
matrix A satisfy |arg[spec(4)]| > az. If all the

nonzero eigenvalues of the matrix A satisfy
|arg[spec(A4)]| = a'% and the critical eigenvalues that

satisfy |arg[spec(4)]| = a'% have the same algebraic

and geometric multiplicities, and the zero eigenvalue of
matrix A has the same algebraic and geometric
multiplicities, then the null solution of system (13) is
stable from the representation of the solution.

For the multiple-order linear fractional system of
differential equations, as expressed in Equation (13),
Deng et al. presented the following output [43].

Theorem 4: Suppose that a;’s are rational numbers
between 0 and 1, fori = 1,2, ..., n. Let M be the lowest
common multiple (LCM) of the denominators u; of

Vi .
a;’s, where «a; = u—l (u,v) =1, u, v, €Zy,i=
i

1,2,..,n, and set y = % Then, the zero solution of
system (1) with the Caputo derivative and initial value
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xo = x(0) is:

1. Asymptotically stable if and only if any zero e
solution of the polynomial

det[diag (AM*1, AM@2,  AMan) — Alsatisfies
larg(1)| > y%, the components of the state variable

[x1(t), x2 (1), ..., x, (£)]7 € R™ decay toward 0 like
tT, %2, .., t~%, respectively.

2. Stable if and only if either it is asymptotically
stable or the critical zero solutions A of the above

polynomial satisfy |arg(A)|>y% have geometric

multiplicity one.

Note that if a4, a5, ..., a, = a are rational numbers
for 0 <a; <1 with i =1,2,...,n, then Theorem 4
coincides with Theorem 1 presented by [15]; that is, the
previous theorem is an extension of Theorem 1 with
respect to rational orders.

[44], like [45], also analyzed the stability of the
system (13) for the case O0<a=a;=a, =+ =
a, <1 using Mittag-Leffler functions and their
integer order derivatives to obtain analytic solutions of
the initial value problem (13) and then establish the
condition of sufficient stability using the final value
theorem.

All the above conclusions refer to the case of
commensurable fractional order. Moreover, in [45],
they also study the case of incommensurable fractional
order. If aq, ay, ..., @, are irrational numbers between 0
and 1 in the system of differential equations (13), we
obtain the following result.

Theorem 5: If all the roots of the characteristic
equation det[diag(s*t,s%2,...,s%n) —A] =0 have
negative real parts, then the zero solution of system
(13) is asymptotically stable, where «; is real and lies
in (0,1).

From the previous theorems and Proposition 1, we
obtain the following result.

Theorem 6: The autonomous same order system
(13) with initial value x, = x(0) and Riemann—
Liouville derivative is asymptotically stable if and only
if |arg[spec(A)]| > a7, wheren = 2and 0 < a < 1.

The proof of the previous theorem can be consulted
in [46], which uses from [29] the unique solution of
the system (13) expressed as a generalization of the
matrix & —exponential.

The initial results on the stability of linear fractional
order differential equation systems, based on the results
proposed in [15], have been generalized to the order
0 <a <2 by some researchers but from different
approaches. In [26 — 28] they study the stability case
for the linear system (13) for the order 1 < a <2
using control theory tools such as linear matrix
inequality (LMI) methods and establish the region of
stability as a generalization of the results proposed by
[15].

Unstable
region

Stable
region

3
o)
N3
/

Y

Fig. 3 Stability region for 1 < @ < 2 (Developed by the authors)

Indeed, for the case where ¢ =1, we have the
region of stability that we know in the classical sense
of the derivative of integer order, as shown in Fig. 2.

In [47], the stability result for the order 1 < a < 2
is also generalized by performing an extension of
Theorem 1, to obtain the following result.

Theorem 7: The autonomous same order system
(13) with Riemann-Liouville derivative and initial
values  x, = DE ¥ Hx(O)]lg=o, for k=01, is
asymptotically stable if and only if |arg[spec(A4)]| >
@z, wheren =2and 1< a <2.

The proof can be found in [29] or [47]. See [48]
and [49] which studied the stability of linear FDE
systems using various techniques for stability analysis.

In [50], the authors discuss the stability of the
following linear FDE system with the Riemann-
Liouville derivative operator is expressed as

D [x(0)] = Ax(t) + B(t)x(¢t)
a—1 (14)
Df: [x(®)]le=0 = xo,
where x€R®, AeR"XR" is a matrix and

B(t):[0,0] - R* X R"™ is a continuous matrix. For
system (3), sufficient conditions are given to establish
stability and asymptotic stability using the Mittag—
Leffler function, the generalized Gronwall inequality
and the comparison principle for orders 0 < a < 1 and
1<a<?

In [51], the authors conduct a detailed analysis of
the stability of systems of linear FDEs using the
derivative operator in Caputo's sense. To do so, they
initially present a new proof of Theorem 1, proposed
by [15], to later study the case of systems of linear
FDEs of multiple orders.

3.1. Stability of the Nonlinear FDE

We consider the main results that have been
presented for the stability of systems of ordinary
differential equations of nonlinear fractional order. As
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we mentioned at the beginning, there is still no
established theory of stability for FDEs similar to that
of integer-order ordinary differential equations.

However, fundamental stability results have been
presented for systems of nonlinear differential
equations.

In [52, 53, and 54], the authors began to study the
stability of nonlinear FDE systems using Lyapunov
functions for various generalizations of fractional
derivative operators. In [55, 56], they managed to
extend the exponential stability that we know in the
ODE:s of integer order [57, 58] to the so-called Mittag—
Leffler stability, and with it, they introduced the direct
Lyapunov method of fractional order using the
fractional derivative operator in the sense of Riemann—
Liouville and Caputo.

Therefore, the authors
following definitions [55, 56].

Definition 10: A solution x(t) of the system (11) of
nonlinear fractional differential equations is said to be
Mittag—Leffler stable if it satisfies the following:
eIl < {m[x(t0)]Ea (A — to)4)}’ (15)

where: E, is the one-parameter Mittag-Leffler
function, t, is the initial time, « € (0,1),4A >0, b > 0,
m(0) = 0, m(x) = 0, and m(x) is locally lipschitzian
on x € B € R™ with Lipschitz constant m,.

The same authors generalized Definition 10 as
follows.

Definition 11: A solution x(t) of the system (11) of
nonlinear fractional differential equations is said to be
generalized Mittag-Leffler stable if it satisfies the
following:

el < {m[x(E)]1(t = to) ¥ Eq1— (ZA(
— )}t (16)
where E,;_, is the two-parameter Mittag-Leffler
function, t, is the initial time, —a <y <1-aq,
a€(01), A=0, b>0, m(0) =0, m(x) =0, and
m(x) is locally lipschitzian on x € B c R® with
Lipschitz constant m,.

The following results follow from the above
definitions.

Remark 1: It follows from the properties of the
Mittag-Leffler function and the completely monotonic
function that D, [E,(—At®)] = D} ,[E,(—At*)] =
D B (—At*)] = 7V Eg -, (—At%) is a
completely monotonic function for ¢ € (0,1), A >0
andy € [0,1 — a].

Remark 2: Mittag—Leffler stability and generalized
Mittag-Leffler stability imply asymptotic stability.

Remark 3: Let A = 0, it follows from equation (14)
that [|x(D)] < [";g“"”] (t — o)™, which implies
that power law stability is a special case of Mittag—
Leffler stability.

Next, the extension of the direct Lyapunov method
to the case of fractional order systems is presented,

initially presented the

leading to Mittag—Leffler stability [56].

Theorem 8: Let x = 0 be an equilibrium point of the
system (10) and D c R™ be a domain containing the
origin.  Let L(t,x(t)):[0,0)xD —R be a
continuously differentiable and locally Lipschitzian
function with respect to x, such that pB;|lx||* <
L(t,x(8)) < BallxlI®, DF Lt x(1)) < —PBsllx[1??,
where t >0, x € D, a € (0,1) and a, b, B4, B>, B3 are
arbitrary positive constants.

If the function L(t,x(t)) satisfies the previous
inequalities, then it is said to be a fractional Lyapunov
function, and in effect, the equilibrium point x = 0 is
said to be Mittag—Leffler stable. If the assumptions
hold globally on R", x, = 0 is globally Mittag—Leffler
stable.

Considering Remark 2, the authors of [56, 57]
obtained an asymptotic stability result directly by
weakening conditions in Theorem 8.

Theorem 9: Let x = 0 be an equilibrium point of the
system (11) and D c R™ be a domain containing the
origin.  Let L(t,x(t)):[0,0)xD —R be a
continuously differentiable and locally Lipschitzian
function with respect to x, such that By|x]|* <
L(t,x(t)) < oDy X/, DFL(t,x(8)) <
—B5||x]|%?, where t > 0, x € D, a € (0,1), 7 > 0,7 #
a,la —n| <1anda,b,p,B,, B3 are positive arbitrary
constants. If the function L(t,x(t)) satisfies the
previous inequalities, then it is said to be a fractional
generalized Lyapunov function, and in effect, the
equilibrium point x, = 0 is asymptotically stable.

The asymptotic stability of the system (11) can also
be obtained through a particular type of function, as
presented below.

Definition 12: A continuous function a:[0,a) —
[0,0) belongs to class K if it is strictly increasing and
a(0) =0.

Theorem 10: Let x = 0 be an equilibrium point of
the system (11). If they exist, a Lyapunov function
L(t,x(t)) and class functions ¥, aq,a, and a3 that
satisfy oy |||l < L(t,x(1)) <
a; llxll, Df L(t, x(t)) < —azlixll, where B € (0,1).
The equilibrium point of system (11) is asymptotically
stable.

The respective proofs to the above theorems can be
found in [56, 57].

The following result allows us to establish the
stability of one type of system of nonlinear ordinary
differential equations.

Theorem 11: Let a € (0,2) and the initial value
problem

¢ x@®] = f(t,x(0) (17)
x*(0) = x,,k=0,1,
a system of nonlinear fractional differential equations.
If the following two conditions hold true:

1. |arg(spec(4))| > a%,
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ILf Ce NN
“eor 0 when |l x(t) lI- 0,

Then the system D .[x(t)] = Ax(t) + f(x(t)),
es locally asymptotically stable at x =0, where
a € (02),Ae R and f: D — R".

Proof: The solution of the fractional differential
equation D, [x(t)] = Ax(t) + f(x(t)), is given by
X(t) = X0Eq1 (AtY) + x1tE, 5 (At®) + [ (¢ —

1) Eqq (A(t = D) f (x(1))dr.

By the condition 2., the exist ¢, >0 and & > 0,
such that Il f(x(1)) II< (“%Z"A” Ix@) Il as 1l x() |
< 6.

From Propositions 4 and 1, we have || x(t) I<
Collxpll | Cyllxytl t IE—1)* " LIC2 (a=D)IAI
1+HIAE® - 1+IAt9|) fO 2C, (1+IA(E—T)* 1) IHx(@) |
dt, where Cy > 0, C; > 0.

By the Gronwall-Bellman lemma, we have

Cl { X1 II't

1+ At ||

+ ft Co ll xg Il i
O N1+ A Il t%)2
Cillx;Itn(@=DNIAN(@E—7)4 !
1+ At® || 2A+0A 1 (E—1)%)

Ela—DIAIN(t—s)*?
X exp( T2 AT =) ds) dt

Co ll x|
<20 _x@® I
(1+1 A Il t9)2
Co [ X0 [ Cillx It
— 1 -1
A+ A gtz THHATE

. (@=1DCo lxp I T (1 - %)F<2(a1— 1))

214 ||%r(1) iz

2

1
(@=1DC lxy 172 —a)l (2(a — 1))
- - —0ast
3 1N 5=
2 AIZ@D T (5= 5o) 2@
—> 00,

Thus, the zero solutions of the system FDE is
locally asymptotically stable.

4. Stability Analysis of the Fractional

Lotka—\Volterra Model

In the 1920s, mathematicians Alfred Lotka and Vito
\olterra simultaneously but independently proposed a
nonlinear differential equation model to describe the
population dynamics of two interacting species, a
predator and its prey. They hoped to explain the
increase in predators and, therefore, the decrease in
prey in various ecological environments [20].

The model also called the prey predator system is
given by

P = &P—-6PD
{D = —yD + BDP, (18)
where P(t) and D(t) represent the prey and predator
populations at time t respectively; parameters ¢,6,y
and B are positive constants. e represents the natural
growth rate of the prey in the absence of a predator, &
represents the effect of the predator on the prey
population, B represents the effect of the prey on the
predator population and y represents the natural
mortality rate of the predator in the absence of a prey. It
is noteworthy that because we are dealing with
population dynamics, we only consider P,D > 0.
Fig. 4 shows the graphs of P(t) and D(t) where the
interaction between prey and predators is observed, and
Fig. 5 shows the trajectories near the equilibrium point

3 T T T T

Prey
Predator

0 16 26 BIO 4‘0 50
t
Fig. 4 Graphs of P(t) and Q(t) (Developed by the authors)

3

251

0.5r

o]

0 0.2 0.4 0.6 0.8 1 1.2 1.4
P

Fig. 5 Trajectories for system (18) (Developed by the authors)

0

It is noteworthy that system (18) is stable but not
asymptotically stable, as shown in Fig. 5. The
trajectories orbit around the equilibrium point D.

The prey—predator model where two species interact
(18) expressed in its fractional version using the
derivative operator in the Caputo sense, of the same
order, is given by:
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{c PO =P —0PODO o

Do [D(®)] = —yD(t) + BD(O)P (D),
where P(t) and D(t) represent the prey and predator
populations at time t respectively; parameters ¢,8,y
and [ are positive constants.

We will not go too deeply into the stability analysis
of system (19). Initially, we locate the equilibrium
points of system (19), which occur when &eP(t) —
SP(t)D(t) = 0 and —yD(t) + BD(t)P(t) = 0, which
are located at the origin 0 =(0,0) and at D =
(v/B.€/9).

Let us analyze the stability at equilibrium point D,
the linearized flow at this point is given by 7 (,%%) =

-8y

0 —

ge £, whose characteristic polynomial is P(1) =
— 0

s

A% + ey. The eigenvalues for this case are given by
A = *+fey i and since we have zero real parts, we have
a pure imaginary.

By Theorem 1, system (19) is asymptotically stable
if and only if |arg[spec(9)]| > a%, which is fulfilled if
0 < a < 1, as shown in Figs. 6-9.

Prey-Predator Population Dynamics over Time

120
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Predator

100 r

80 r

60

Population

40

20

0
0 100 200 300 400

Time
Fig. 6 For a = 0.9 (Developed by the authors)

Phase Space, P(t)-D(t)

N
o

Predator Population
- —_ %] %] w w
o (4] o (4] o (3

[$)]

0 ‘
0 20 40 60 80 100 120
Population of Prey

Fig. 7 Trajectories a = 0.9 (Developed by the authors)

Prey-Predator Population Dynamics over Time
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60
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20
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Predator |
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60

80 100

Fig. 8 For @ = 0.5 (Developed by the authors)
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Fig. 9 Trajectories a = 0.5 (Developed by the authors)

5 Prey-Predator Population Dynamics over Time
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Predator
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Time

300

400

Fig. 10 For a = 1.3 (Developed by the authors)
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Phase Space, P(t)-D(t)

Predator Population
o

4]

0 . . ‘ . ‘
10 20 30 40 50 60 70
- Population of Prey )

Fig. 11 Trajectories @ = 1.3 (Developed by the authors)

In Figs. 6 to 11, the initial conditions are set as the
values: P, = 50 as the initial prey population,
Dy = 10 as the initial predator population, ¢ = 0.1 as
the intrinsic growth rate of prey, § = 0.02 as the
encounter rate between prey and predators, y = 0.3 as
the mortality rate of predators in the absence of prey
and § = 0.01 as the reproduction rate of predators per
prey consumed.

Figs. 7 and 9 show that the trajectories converge to
the equilibrium point, i.e., system (19) is
asymptotically stable if « < 1. However, if in system
(19) a > 1 is taken, the system has to be stable, but not
asymptotically.

We will now use the results of Theorem 11 to
analyze the stability of a type of Lotka—\olterra
biological model in which three species interact, one
acting as prey and the other as predator. Such a system
in its fractional version using the derivative operator in
the Caputo sense is given by

0:[PO] = nP — BPD
0¢[D@®)] = —6D+yDP—-¢DQ (20)
o [Q@®] = —pQ +aDQ,

forn, B, 8, y, & p, o >0, where n, 8, § and y
are the parameters of system (18) and ¢ represents the
effect of predation on species D(t) by species Q(t), p
represents the natural mortality rate of predator Q(t) in
the absence of prey, and o represents the efficiency and
rate of spread of predator Q(t) in the presence of prey.

To analyze the stability of system (20), we first
write it in the form Df , [x(t)] = Ax(t) + f(x(t)), and
then apply the conditions of Theorem 11. Here, A =

n 0 0 —BPD
(o -5 0 ) f(x@®) = <yDP — §DQ> and
0 0 -—p —pQ +0oDQ

P
x(t) = <D>
Q

System (20) is asymptotically stable if it satisfies

the following:
1. |arg(spec(4))| > a%,

If (x (eI
ol 0 when |l x(t) II= 0

In fact, the first condition is satisfied if 0 < o < 1,
since the eigenvalues are given by A, =n,4, = =6
and A3 = —p.

We will verify the second condition,

If Q) I V(=BPD)? + (yDP — §DQ)? + (dDQ)?
Il x(t) Il JP?+ D%+ Q2
V(=BPD)? + (yDP = §DQ)? + (0DQ)?
B N
< JP2+D2+Q% —O0with llx(t)lI— 0

Therefore, according to Theorem 11, system (20) is
asymptotically stable if « < 1, because it satisfies the
two conditions mentioned above.

In the Figs. 12 to 21, the initial conditions are set as
the values P, = 0.5 as initial prey population,
Dy = 0.5 as initial predator/prey population, @, = 2
as initial predator population, n=8=6=y=¢& =
p = 1 and we will vary the parameters of o.
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0 20 40 60 80 100

Time
Fig. 12 For a = 0.9 and ¢ = 0.8 (Developed by the authors)

2.

Predator, Q(t)

0.5

Predator/prey, D(t) Prey, P(t)

Fig. 13 Trajectories a« = 0.9 and ¢ = 0.8 (Developed by the
authors)
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In the previous figures, the stability of the system
(20) depends both on the order a of the fractional
derivative and on the value of the parameters,
particularly on the values of . The system (20) is
asymptotically stable if « <1 and ¢ < 1, as shown in
Figs. 12 and 13, it is stable if a =1 and o =1, as
shown in Figs. 14 to 19, and it is not stable if a > 1
and o > 1, as shown in Figs. 20 and 21.

5. Conclusion

The study of the stability of systems of ordinary
differential equations of fractional order is a
fundamental topic of various models of applied
sciences and engineering. This paper hopes to collect a
large part of the base contributions presented on the
stability study from the first results presented by [15]
till now. As mentioned before, we apologize if some
fundamental references are absent in this research. We
demonstrate the primary results within the study of the
stability of linear or nonlinear FDEs.

In this study, we observe the significant progress in
the construction of a grounded stability theory for
FDEs. The stability of linear FDEs is well investigated,
and for the stability of nonlinear FDEs, a fundamental
theorem is presented and proved. At present,
generalizations on the stability concepts for FDE
systems are still being presented, supported by the
results presented in this paper.

Fundamental results were presented for the stability
analysis of the Lotka—\Volterra or prey—predator models
in their fractional versions. For the case where two
species interact, the fractional operators are excellent
controllers of the speed with which the trajectories
converge toward the respective equilibrium point, thus
presenting asymptotic stability, which was not present
in the classical model.

For the case where three species interact,
fundamental results are presented in the stability study
because conditions for which the model is
asymptotically stable, stable, and unstable present not
only dependence on the order of the fractional
derivative operator but also on its involved parameters,
which describe the rate of interaction between species.
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