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Abstract: Many research papers in coding theory have recently focused on designing high-rate codes or
improving codes that exist through a better understanding and then improving the coding and decoding algorithm.
As a result, this paper aims to investigate the computation of the Automorphisms groups of some optimal codes
(e.g., some linear circulant codes where their distance meets the lower bound and nonlinear Nordstrom-Robinson
(24, 28, 6) code). These Automorphisms groups provide information about the structure of the code, which aids in
both the design and enhancement and improvement of decoding algorithms. A new genetic algorithm-based method
is proposed, with a detailed description of its components, the fitness function, selection, crossover, and mutation,
and is used to find an important collection of Automorphisms; the results obtained have shown that the proposed
method is effective in finding stabilizers set for some types of codes.
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Recalling that the hamming distance between two
codewords (vectors) ¢, ¢’ in F3' is defined as the
number of coordinates in which ¢ and c' differ. A

1. Introduction and Preliminaries
There are several ways in coding theory that address

its application, one of which is establishing the
automorphism groups of codes, which allows us to
determine the structure of the codes, classify them, and
aid the decoding algorithm. This is still difficult
because determining the whole automorphism group of
codes is difficult, except for finite simple groups,
which have been realized using sporadic groups [1]
(e.g., the automorphism group of Golay Codes is
Mathieu groups).

binary linear [n,k,d]-code Cover F, is a k-dimensional
subspace of the vector space F3',

d=d(C) = min,_ d(c,c') =
min ecqoy wt(c) 1)
and its generator matrix G is a k x n matrix whose rows
are the basis of C.

Received: October 26, 2021 / Reviewed: November 24, 2021 / Accepted: December 23, 2021 / Published: January 28, 2022
About the authors: E1 Mehdi Bellfkih, LAMS Lab, Faculty of Sciences Ben M’ sick, Hassan II University, Casablanca, Morocco;

Said Nouh, Imrane Chems Eddine Idrissi, LTIM Lab, Faculty of Sciences Ben M’ sik, Hassan II University, Casablanca, Morocco; Khalid

Louartiti, Jamal Mouline, LAMS Lab, Faculty of Sciences Ben M’ sick,
Corresponding author E1 Mehdi Bellfkih, elmehdi.bellfkih@gmail.com

Hassan II University, Casablanca, Morocco



Bellfkih et al. On the Computation of the Automorphisms Group of Some Optimal Codes Using Genetic Algorithm, Vol. 49 No. 1 January

2022
206
Need to be mentioned, some codes consider another h=h;h,...h_1hh1...hee1hg, [3].
distance which is Lee distance, and it is calculated as G = [ lPer] =
follows 1 0 - 0 M~ h, o he_qy hy T
®,ymin(|¢; — c£|, 2— e — cl|) (2) 0 1 - i h hs v he hy
There is Singleton Bound which shows the links ; N N o
between the minimal distance d and the binary code of b h Lo R )
R - g r+1 r+2 2r—1 2r
length n; this code satisfies : : : :
IC] < 2n—d+l 3 ha, b1 Ry hyrg
The Gilbert-Varshamov bound in case of binary ‘ P : : : :
C(n,d) code can be presented as follows: 0 o 1 A Ry o Berz Rt
ICI (Zg_l (7)) > on (4) H= [Prxkllr] (1(1))
This limit shows us that there is a code with a least Example 1: [28, 21, 4] — Code of rate R= 7,
a certain number of codewords, at least the following ~ 'édundancy ~r = 7 and header h =

number of codewords:

-1

2" (287 (7)) ®)

Let C be a binary linear [n,k,d] code and G its
generator matrix, considering the action of the
symmetric group Sn on the G columns. for all ¢ in Sn,
denote by G.c the matrix obtained from the
permutation of the G columns. Let 6 € S, ¢ =
(cy,C2..0Ch) EC

o(c) =o0(cy, ¢, 0p) =
(co1):Co2)s -+ Com)) (6)

o(C)=o0(c),ceC @)

An automorphism of C is any permutation of the G
columns that maps the rows of G into rows of the same
matrix. The set of all automorphism permutations
forms a subgroup of S,, denoted by Aut(C),

Aut(C) =0€S,,0(C)=C (8)

Let A be a group, and A is an automorphism group
of C if A € Aut(C) and A is the automorphism group
of Cif A= Aut(C) [2].

1.1. Optimal Codes

We will focus on code where the difference between
the smallest known upper bound (3) and the actual size
of the code is 0; we choose some linear circulant codes
and nonlinear Nordstrom- Robinson codes of length 24,
28 codewords, and hamming minimal distance 6.

1.2. Linear Circulant Codes

Linear circulant codes which are a class of linear
code with a specific construction relay on the left
shifting of header parts in parity section (8), it is
characterized by the different rates, Because a higher
rate code makes better use of redundancy than a lower
rate code, codes with greater information rates are
preferred in the communication domain. On the other
hand, the larger the code rate, the smaller is the
minimum distance, and vice-versa which means more
correctable errors, need to be mentioned the lowest rate

of our linear code, which is %
The generator matrix of an optimal code of rate R =
ﬁ and redundancy r = n — k and header h where

111010101101110000111, we have the following

generator matrix G; and check matrix Hy:
r0100000000000000000001101011
0010000000000000000001010111
0001000000000000000000101111
0000100000000000000001011110
0000010000000000000000111101
0000001000000000000001111010
0000000100000000000000110111
0000000010000000000001101110
0000000001000000000001011101
0000000000100000000000111011
0000000000010000000001110110
0000000000001000000001101101
0000000000000100000001011011
0000000000000010000000000111
0000000000000001000000001110
0000000000000000100000011100
0000000000000000010000111000
0000000000000000001001110000
0000000000000000000101100001

1000000000000000000001100001 1
r1110101011011100001111000000j

1101011110111000011100100000
1010111101110100111000010000
H, =[0101111011101101110000001000 (11
1011110111011011100000000100
0111101110110111000010000010
11111010101101110000110000001

Example 2: [36, 24, 6] — Code of rate R =%,

redundancy r = 2 and header h =
011100110000010111011010, we have the following

generator matrix G, and check matrix H,:
r100000000000000000000000011100110000
010000000000000000000000111001100000
001000000000000000000000110011000001
000100000000000000000000100110000011
000010000000000000000000001100000111
000001000000000000000000011000001110
000000100000000000000000110000011100
000000010000000000000000100000111001
000000001000000000000000000001110011
000000000100000000000000000011100110
000000000010000000000000000111001100
000000000001000000000000001110011000
000000000000100000000000010111011010
000000000000010000000000101110110100!
000000000000001000000000011101101001
000000000000000100000000111011010010
000000000000000010000000110110100101
000000000000000001000000101101001011
000000000000000000100000011010010111
000000000000000000010000110100101110
000000000000000000001000101001011101
000000000000000000000100010010111011
000000000000000000000010100101110110
L00000000000000000000000100101110110H

G =

G, =
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1011100110000010111011010100000000000
111001100000101110110100010000000000]
110011000001011101101001001000000000]
100110000011111011010010000100000000
001100000111110110100101000010000000
011000001110101101001011000001000000 (12)
110000011100011010010111000000100000

100000111001110100101110000000010000
000001110011101001011101000000001000
000011100110010010111011000000000100
000111001100100101110110000000000010
1001110011000001011101101000000000001

H =

1.3. Nordstrom-Robinson Code (NR)

Although there are infinite families of excellent
nonlinear codes, no binary code compares to the
nonlinear NR code (16, 8, 6). Snover has shown that
NR code is the unique code of length 16, minimal
distance 6, and 256 words. Different approaches to the
construction of NR code has been established one of
them is based on Golay code [24, 12, 8] (G) over F,,
where the NR code consists of all vectors yeZ3° such
that xy € G where
x € {00000000, 11000000, 10100000, ..., 10000001}.

Another approach is using Z/4Z linear codes, which
is proven by Forney et al., the binary image of the octal
code (Og) is the NR code, where the generator matrix is
as follows [5]:

10002111
01001213
00101321
00011132

where the binary image ¢ is defined as follows:

w:Zy — 73

1(0) = 00, (1) = 01,1(2) = 11, and u(3) = 10 (14)

The generator matrix (15) is an extended Hamming
code [8, 4, 4] over F, when octal code generator matrix
entries are modulo 2. The Lee weight distribution of
the linear Z, code is identical to the Hamming weight
distribution of the F, image.
Now, we can obtain the generator matrix GN R through
the binary image ¢ of generator matrix vectors of Og
code (14)

(13)

0100000011010101
_[0001000001110110
NR =10000010001101101
0000000101011011

Standart form
—)
NR

f850000011010101
_10100000001110110
~10010000001101101
0001000001011011

(15)

1.4. Genetic Algorithm

The GA is a member of the evolutionary algorithm
family. C. Darwin observed that species evolution is
dependent on two components: selection and
reproduction, and the population of a GA evolves
through genetic operators influenced by evolutionary
biology. The reproduction of the fittest and most
vigorous individuals is provided by the selection, while

reproduction is a phase in which evolution is carried
out. Based on this evolution in nature, JH Holland
invented the genetic algorithm in its first version,
which was based on the programming of individuals in
a binary system swhich improved significantly later.
The task in such permutation problems (e.g., travel
salesman problem (TSP), job-shop scheduling problem
(JSP), bandwidth-reduction problem (BRP), and linear
ordering problem (LOP)), which is a class of
combinatorial optimization problems, is to arrange
some objects in chromosomes in a certain order, with
no duplicates. It should be done to optimize the
objective function, where the representation of the
chromosomes depends on [4]. GA solves the
permutation problem by rapidly searching the search
space. It employs the selection, crossover, and mutation
operators, resulting in better chromosomes at the
lowest possible cost [5]. The algorithm's effectiveness
has been represented by several research papers, such
as the research of Rajappa and Elsayed et al. Also, it
has been demonstrated that using evolutionary
algorithms to solve combinatorial optimization
problems is effective [6-8]. There are powerful, nature-
inspired algorithms such as the Gaining-sharing
knowledge-based algorithm (GSK) [9-11], which have
demonstrated superior results in solving optimization
problems. The GA has several advantages such as:

¢ Only evaluate the objective function, regardless of
its nature (e.g., continuity, derivation, and others),
giving it more flexibility and a broader range of
applications;

e Generation takes a parallel form by working on
multiple points at once (population of size N), rather
than a single iteration in classical algorithms;

¢ The use of probabilistic transition rules (selection,
crossover, and mutation probabilities) rather than
deterministic trajectories

Many  researchers  have indicated  that
comprehension of the GA parameters' interaction
process, notably crossover probability, mutation
probability, and population size, is the most important
factor in evaluating the process. These variables are
linked somehow and have an impact on GA efficiency.
The optimal condition to use GA [18] is when there is
diversity in the original population with a high
crossover probability and a low mutation probability.

It is worth noting that the usual crossover operator
cannot be used to solve permutation problems because
chromosome ordering is crucial, and no genes should
be duplicated or missed [12]. In addition, compared to
other scenarios, it is more computationally expensive
since a legalization step is necessary after each
substring exchange for offspring with duplicate
numbers. In this case, the time required to complete a
crossover operation increases fast as chromosome size
increases, reducing the efficiency of permutation-based
GAs [13]. In their research publication [14], Chun Liu
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and Andreas Kroll devised a genetic algorithm that did
not employ the crossover operator. It is worth repeating
that GA has been utilized to compute the minimum
distance of linear block codes [15] and determine
automorphisms set for some block codes like BCH and
RQ codes of modest length.

2. Genetic Algorithm-Based Method

Our GA-based technique employs an encoding
scheme that treats a permutation (chromosome) as a
series of numbers ranging from 0 to the code length
minus one. The following is how our method
parameters work:

2.1. The Search Space and Fitness Function

The search space in which the GA-based method
will search for permutations has n! permutations (n is
the code length). Each permutation matrix P will be
paired with its corresponding permutation for all
permutations o € Sn.

Po =(In) (16)
Sc c C is a codewords set, such that, Vci € Sc,
GiHT =0 (17)

Sc is a matrix where its rows are formed by
codewords.

(o] 11 G2 " Cin
C C e C
s.=|2= % T (18)
! 1 Cz Oy
Applying the action of Sn on Sc,Vo € Sn s,
&y  Cy@2) Cy(1n)
Cy21)  Cy(22) Cy(2n)
y(Sc) =SBy = : : :
Cyan  Cy2) Cy(in)
(19)
S1
S
y(SHHT = ;2 (20)
Sy

where H is the sparse parity check matrix

The permutation of Sc columns will generate
another matrix of codewords if

o(Sc) HT = O1x(nkK) (5)

The fitness values of permutations will be used to
choose the best permutations (individuals) using the
fitness function, which is defined as follows:

fo={CNo(S)}=Ksi € {51, 52, - - ., SIHSi = oxm 0} (21)

The values of each permutation are computed using
the fitness function (21) (a maximization function),
with the best fitness value being equivalent to the best
permutation that stabilizes the maximum of codewords
in Sc [16].

Let p be a function defined on S = {0,1,...,n—1} such
that:

p = ChooseRandomly(x, y), where x, y €S  (22)

Offspringi] :{‘{’((P il Rl wheni=1 """ 4
where P;= Genej;, Genej, ...Genejn.q

The crossover operator that was shown above (23)
is based on a random choice (22) with a probability of
0.5 for genes that do not exist in the offspring genes,
otherwise choose the other, chosen to ensure that all
produced individuals are within the search space and
elements of S, without relying on mutation due to the
mutation operator’s low probability.

Genes _ m
Gener Gem"-l Genes W

Fig. 1 Mutation operator

Offspring Geney

Mutated Offspring

2.2. The Inputs and Outputs Method

The GA-based method works as follows:
Inputs:
- Codewords set Sc
- Initial population size Nj
- Number of generations Nmax
- Crossover probability pc
- Mutation probability pm
Outputs:
- Set of Automorphisms permutations Say
Data: Set of codewords Sc
Result: Set of Automorphisms SAut
Nij < Initial population of permutations oi randomly
generated,;
Ng < 1,
while Ng < Nmax do

Evaluate the permutation fitness fo;j ;

Choose the Ne elite individuals from the sorted
current population into next

population foj ;

for i=Ne to Nj, do

Select pair of elite individuals from Ne
individuals;
Apply the crossover and mutation operators;

end

Ng <« Ng+1
end
Algorithm 1: GA-based method algorithm.

3. Results and Discussion

The default parameters of the GA-based method are
given in Table 1, and the permutation is presented as a
list of integers ranging from 0 to the length of the code
minus one (each number representing a gene).
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Table 1 Parameters of GA-based method

Parameter Value
Initial population size 100
Selection Elitism
Crossover probability 1
Mutation probability 0.07
Number of generations 200

Because every error-correcting code has an
Automorphisms group, a set of Automorphisms
permutations exists. We obtained a large number of
stabilizers after running the algorithm. Tables 2 and 3,
which include 15 Automorphisms permutations
produced by our GA-based method for linear circulant
[21, 14, 4] code and linear circulant [24, 16, 4] code,
are cited as the example set of stabilizers for each code
mentioned below.

Table 2 Automorphisms set of linear circulant [21, 14, 4] code of
header 10010011101101

[4,9,16,3,7,12,8,14,2,10,20,5,15,6,19,18,13,1,11,0,17]
[14,7,2,15,10,12,20,13,0,8,19,11,3,17,9,5,4,1,18,16,6]
[2,1,0,3,13,11,6,19,8,9,20,5,12,4,14,15,16,17,18,7,10]
[13,3,0,11,8,4,1,17,20,5,18,2,19,6,7,10,14,15,16,9,12]
[19,20,15,13,18,4,9,10,1,7,5,12,14,2,8,17,11,0,6,3,16]
[7,4,0,12,9,15,10,19,16,13,14,18,3,1,20,11,8,17,5,2,6]
[17,18,13,11,7,10,8,9,14,12,5,16,19,1,6,2,20,15,4,0,3]
[7,3,0,12,2,6,10,1,20,5,18,14,4,19,16,17,8,11,13,9,15]
[13,3,0,10,8,4,15,12,5,20,9,2,19,6,7,11,14,1,16,18,17]
[3,0,11,7,4,1,14,9,18,5,16,19,6,17,12,8,10,13,15,2,20]
[18,7,12,16,17,2,1,8,15,5,13,4,10,9,3,19,14,20,11,6,0]
[13,9,16,18,19,12,1,17,20,0,2,11,15,6,7,3,4,8,5,10,14]
[9,11,1,16,6,0,12,18,3,10,19,7,13,14,17,5,8,4,20,15,2]
[15,13,8,4,9,11,20,5,7,6,14,2,10,3,1,16,18,17,19,0,12]
[0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20]

Table 2 Automorphisms set of linear circulant [24, 16, 4] code of
header 1001011011011111

[5,4,3,6,1,0,7,2,10,17,8,15,20,21,12,23,18,9,16,11,22,13,14,19]
[0,5,6,3,4,1,2,7,18,9,10,23,22,21,14,15,16,17,8,19,20,13,12,11]
[6,1,0,3,2,5,4,7,15,20,21,12,11,10,17,18,13,14,19,8,9,16,23,22]
[0,1,2,3,4,5,6,7,8,17,10,23,12,21,14,19,16,9,18,15,20,13,22,11]
[6,3,0,1,2,7,4,5,20,19,8,17,16,11,22,21,18,15,14,13,12,23,10,9]
[0,1,2,3,4,5,6,7,8,9,16,23,12,13,20,19,10,17,18,15,14,21,22,11]
[4,5,2,7,0,1,6,3,22,21,20,15,18,17,10,23,14,13,12,11,16,9,8,19]
[2,7,4,1,6,3,0,5,16,11,12,13,14,19,18,17,22,23,10,9,8,15,20,21]
[3,4,1,2,7,0,5,6,23,22,13,20,15,18,17,16,21,12,11,10,9,8,19,14]
[1,0,3,2,54,7,6,16,17,18,15,14,21,12,11,8,9,10,23,22,13,20,19]
[1,2,7,05,6,3,4,13,14,15,8,17,10,23,12,19,20,21,22,11,16,9,18]
[3,2,5,0,7,6,1,4,18,19,20,21,22,23,10,9,14,15,8,17,16,11,12,13]
[7,2,1,0,3,6,5,4,18,15,20,13,12,23,16,9,14,19,8,17,10,11,22,21]
[6,7,4,5,2,3,0,1,16,23,12,13,14,19,18,9,22,11,10,17,8,15,20,21]
[1,0,3,6,54,7,2,16,17,8,19,20,21,22,11,18,9,10,23,12,13,14,15]

Table 4 contains, as an example, a set of 15
Automorphisms permutations produced by our GA-
based method for NR (24,28,6) code. To be mentioned,
any combination of two Automorphisms permutations
is an  Automorphism  permutation for the
abovementioned codes. This implies that if SAut
includes all of the automorphism group's generators,
then all of the others can be obtained.

Remarque, the octal code Og cannot supersedes the
NR code due to their Automorphisms groups orders
(JAut(NR)]=16 x 7! and |Auth|=| GL (4,2)|=1344).

Table 3 Automorphisms set of NR (16,256,6) code

[8,3,9,2,5,4,6,7,0,1,13,15,11,10,12,14]
[8,9,1,2,4,7,6,5,0,3,15,14,10,12,11,13]
[8,1,2,9,5,7,4,6,0,3,10,12,11,13,15,14]
[8,2,9,3,7,4,6,5,0,1,11,15,13,14,12,10]
[0,2,3,1,6,4,7,5,8,9,12,13,14,15,10,11]
[0,9,1,2,4,6,7,5,8,3,15,14,10,12,11,13]
[8,2,3,9,7,5,6,4,0,1,12,14,13,15,11,10]
[0,3,2,1,4,6,5,7,8,9,12,11,10,15,14,13]
[8,1,2,3,5,4,6,7,0,9,10,11,12,13,14,15]
[0,9,3,1,6,4,5,7,8,2,13,12,14,10,15,11]
[0,3,2,1,7,4,6,5,8,9,12,11,10,15,14,13]
[0,1,9,2,6,4,7,5,8,3,15,13,11,12,10,14]
[0,9,2,1,4,56,7,8,3,11,12,10,14,15,13]
[8,1,9,3,6,5,7,4,0,2,15,11,13,12,14,10]
[0,2,1,3,4,6,7,5,8,9,10,15,14,13,12,11]

4. Conclusion

In this research, a genetic algorithm-based method
for determining an important Automorphisms set of
certain provided linear circulant codes, as well as the
Nordstrom-Robinson (24, 28, 6) code, is suggested,
which may be utilized to improve their decoding
algorithms (the hard decision algorithm and the soft
decision algorithm). The abovementioned codes
yielded significant results, and we did not need a
requirement on either the level of the search space or
the level of the fitness function. This genetic algorithm-
based method can be used to find a set of
automorphisms groups of codes, and it can be
completely relied on in decoding algorithms based on
the set of automorphism permutations, especially in
small and medium-length it can be used in a variety of
codes. Our future work will improve the algorithm's
efficiency and accelerate its function in finding
automorphism groups for various types and lengths of
codes by searching for a more efficient fitness function,

adjusting the selection operator, the stochastic
crossover operator, and the stochastic crossover
operator.
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