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Abstract: Determining whether an arbitrary graph admits a graceful labeling remains an open problem in
graph theory, as no general characterization of graceful graphs has been established. This study introduces the
Upstairs graph, denoted by (Us n), as a new graph structure based on a layered construction of grid graphs. Its
graceful labeling properties are investigated through theoretical analysis and computational verification using a
Python algorithm that checks the labeling conditions and generates visualizations of labeled graphs. The study
provides a formal definition of the Upstairs graph and presents a general theorem stating that (Us n) admits a
graceful labeling for every integer (n\geql). Illustrative cases demonstrate the labeling construction, while
computational results are consistent with the theoretical results for the tested instances. Thus, the Upstairs graphs
constitute a new family of grid-derived graphs with graceful labeling properties.
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1. Introduction

Graph theory has become one of the most active
areas in discrete mathematics due to its broad
theoretical development and practical applicability
across various domains, including coding theory [1],
cryptography [2], [3], and complex network modelling
[4]. Among its rapidly growing branches, graph
labeling has attracted substantial attention because of
its ability to assign mathematical structures to graph
elements through specific labeling rules. In general, a
labeling of a graph G = (V(G),E(G)) is a mapping
that assigns labels from a prescribed set, typically a set
of non-negative integers, to the vertices, edges, or both
of G, subject to specified conditions. Different labeling
schemes are defined according to the constraints
imposed on the vertex and/or edge labels and are used
to characterize various structural properties of graphs
[5].

One of the most extensively studied labeling
schemes is graceful labeling, introduced by Rosa in
1967. A graph G is said to admit a graceful labeling if
there exists an injective vertex-labeling function
¢:V(G) > {01 .../ E(G) I}, such that the induced
edge-labeling function ¢*:E(G) - {1:2'....| E(G) |}
defined as ¢*(uv) =| ¢p(u) — p(v) | is bijective for
every edge uv € E(G) [6], [7]. A graph G is referred to
as graceful if it admits a graceful labeling [8], [9].
Moreover, a graph G is called graceful if its vertices
can be assigned distinct labels from a prescribed
interval such that the absolute differences of labels
assigned to adjacent vertices produce edge labels that
form a complete and non-repeating sequence [10], [11].
Graceful labeling has become an important topic in
graph theory because not every graph admits graceful
labeling, and until now no complete characterization of
graceful graphs has been established. Consequently,
identifying new graph classes that satisfy graceful

labeling remains an open and relevant research
direction in contemporary graph theory.

Previous studies have investigated graceful
labeling in numerous graph families, including path
graphs [12], star graphs [13], [14], spider graphs [15],
[16], tree-related graphs [17], ladder graphs [18], cycle-
derived graphs [19], algebraic graphs [20]. Recent
developments have demonstrated that introducing new
graph  structures  through  systematic  graph
transformations may lead to additional classes of
graceful graphs [21]. In particular, studies on the W
graph showed that combining fundamental graph
structures (ladder graphs L, 4, and circle graph C3) can
generate new graceful constructions [22]. More
recently, our previous work introduced the Vee graph as
a new graph structure derived from two grid graphs
(P, X B,)) and (P, X P,,;) attached at corresponding
end edges, and it was proven to admit graceful labeling
for all admissible graph orders [23]. The present study
moves beyond this attachment scheme by considering a
recursively generated layered construction, leading to a
different graph family with distinct vertex and edge
cardinalities, attachment mechanism, structural
organization, and labeling formulas. This distinction
motivates the introduction of the Upstairs graph (Usy,)
and the investigation of its graceful labeling as a new
problem rather than as a geometric modification of the
Vee graph. In parallel, recent computational studies
incorporated C++ and Python-based algorithms to
verify graph labeling patterns and visualize labeling
behaviour systematically [1], [18]. These findings
indicate that several modified graph constructions
provide a promising foundation for developing broader
classes of graceful graphs and motivate further
exploration of alternative construction patterns.

Although several modified grid-based graphs
have been studied, existing works remain limited to
relatively simple attachment mechanisms and do not
sufficiently explore hierarchical or layered graph
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arrangements. To the best of our knowledge, no study
has formally introduced or investigated a graph
constructed through a stair-like arrangement of grid
components together with its graceful labeling
properties and computational approaches. This
limitation opens an opportunity to extend the current
state of the art by proposing a new graph model with a
different structural configuration while preserving the
combinatorial richness of grid graphs.

Motivated by the need to expand graceful
labeling studies beyond conventional graph classes,
this work introduces a new graph structure called the
Upstairs graph, denoted by Us,,, constructed through a
tiered stair-like arrangement of grid graph components.
The proposed construction generates a distinctive
adjacency configuration that differs from classical grid
graphs and previously developed grid-derived
structures. The graph is formally established through
mathematical definitions of its structural properties,
including the corresponding vertex and edge sets, with
the objective of providing a new object for graceful
labeling investigation and extending the existing family
of grid-based graphs.

To analyze its labeling behavior, this study
adopts a theoretical-analytical approach consisting of
graph  construction,  structural characterization,
formulation of vertex labeling, derivation of induced
edge labeling, and computational verification of
graceful conditions. The constructed labeling scheme
ensures injectivity on vertices and bijectivity on
induced edge labels, leading to a general proof of
graceful labeling for every integer n = 1. The results
confirm that the Upstairs graph belongs to the family of
graceful graphs and contribute theoretically by
proposing a new construction paradigm that may
support future developments in generalized graph
labeling [24], graph transformations, and studies
involving uncertain or fuzzy graph models [25], [26].

2. Methods

This study employed a theoretical and
computational approach in graph theory using Python-
based algorithm to investigate the graceful labeling
properties of a newly introduced graph structure called
the Upstairs graph, denoted by Us,. The research
procedure was conducted through several systematic
stages as follows.

2.1. Literature Review

The first stage involved an extensive review of
literature related to graph theory, graph labeling,
graceful labeling, and grid graphs. Previous studies
concerning graceful labeling on various graph classes
were also examined to establish the theoretical
foundation and identify research gaps relevant to the
graph construction.

2.2. Construction of the Upstairs Graph
A new graph structure, namely the Upstairs

graph Us,, was constructed based on grid graphs
P, X P; with a tiered construction pattern resembling
an Upstairs. After constructing the graph, the vertex set
and edge set of Us, were formally defined. The
cardinalities of vertices and edges were then
determined as |V (Us,)| and |E (Us,)|. These structural
properties served as the basis for developing the
graceful labeling scheme.

2.3. Definition of Vertex Labeling Function

A vertex labeling function
¢:V(Us,) - {0,1,2,...,q},

where q = |E(Us,)|, was defined recursively for all
vertices of Us,,. The labeling formulas were established
according to the parity of n. The construction of the
labeling function aimed to ensure that each vertex
received a distinct label within the prescribed labeling
interval.

2.4. Proof of Injectivity of the Vertex Labeling

The injective property of the vertex labeling
function ¢ was then proven analytically. This step was
carried out by demonstrating that no two distinct
vertices shared the same label value. Consequently, the
labeling function satisfied the injectivity requirement of
graceful labeling [27].

2.5. Mathematical Proof of the Graceful Property

Based on the vertex labeling function, an
induced edge labeling function
¢ (wv) = [Pu) — ()|
was constructed for every edge uv € E(Us,). An edge
labeling is derived based on the absolute difference of
labels between adjacent vertices [28].

2.6. Proof of Bijectivity of the Edge Labeling

The next stage involved proving that the induced

edge labeling function
¢ E(Usy) = {1,2,...,q}

is bijective. The proof was conducted by showing that
every edge obtained a unique label (injective property),
and all integers from 1 to q appeared exactly once as
edge labels (surjective property). Therefore, the
induced edge labeling function satisfied the bijectivity
condition required for graceful labeling [29], [30].

2.7. Verification of Graceful Labeling Property

After establishing the injectivity of the vertex
labeling and the bijectivity of the edge labeling, it was
concluded that the graph Us,, satisfies the definition of
graceful labeling [6], [7]. Hence, the Upstairs graph
Us, was proven to be a graceful graph for every
integer n > 1. This stage constitutes the core of the
research, namely the proof that the Upstairs graph has a
graceful labeling. The proof is conducted deductively
by demonstrating that the vertex labeling function is
injective and the edge labeling function is bijective,
and that they cover the entire required set of labels
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[271, [29], [30]. The analysis is performed for Upstairs
graphs of general n.

2.8. Illustration and Validation

To validate and clarify the theoretical results, this
stage presents illustrative examples of graceful labeling
on Upstairs graph with several variation of values n,
specifically n = 3 and n = 4. These illustrations aim to
facilitate understanding of the graph structure and
labeling patterns, as well as to strengthen the arguments
supporting the research findings. Moreover, given the
Python-based algorithm to wvalidate the research
finding. Otherwise, these examples visually
demonstrated the correctness and consistency of the
labeling construction.

3. Results and Discussion

This section presents the introduction and
construction of a new graph family called the Upstairs
graph, denoted by Us, together with its structural
properties. We also demonstrate its graceful labeling
characteristics through systematic graph construction
and labeling analysis.

3.1. Construction of the Upstairs Graph

A new graph structure, namely the Upstairs
graph Us,, is constructed by extending the grid graph
P, X P3 through a recursive layered arrangement that
forms an upward Upstairs pattern. Starting from
P, X P; as the initial layer, each subsequent layer is
attached to a designated edge of the previous layer
while preserving graph connectivity and adjacency
relationships. This iterative construction generates a
hierarchical graph structure with increasing complexity
until the graph reaches n layers. Formally, the Upstairs
graph is defined as follows.

Definition 1: Let n = 1 be an integer. The Upstairs
graph, denoted by Us,, is a finite simple graph which
is obtained from the grid graph P, X P; as the initial
layer, then additional layers are attached recursively to
one of the edges defined as b,,_;c,_1. Thus, n denotes
the number of staircase layers, with Us; = P, X P;.
Formally, the Upstairs graph Us,, is characterized by
the vertex set V(Us,) and edge set E(Usy)
respectively are
V(Us,) =V, uV,uV,uV,

={qli =012,..,n—1}u{b;|j =0,1,2,...,n}

Ufcklk =012,..,n}u{d|l=012,..,n—1}
and
E(Usp) = Eqp UEpc UEq

= {a;bj|Vi =jdanj =i+ 1}

U {bjck|\7’j =kdanj=k+ 1}

U{cd;|Vk =ldank =1+ 1}.

From the construction pattern, the four vertex classes
have cardinalities |V,| = |V4;| =n and |V}| =|V,| =
n + 1. Therefore, the total numbers of vertices

VUs)|l=n+n+1D)+n+1)+n=4n+2.
Similarly, |Egp| = |Ecql = 2n and |Ep.| = 2n+ 1. So
that, the total numbers of edges

I[EUsp)|=2n+(@2n+1)+2n=6n+1.
Hence, Us, has n staircase layers, graph order
[V(Usp)| =4n+ 2 and size |[E(Usy)|=6n+1. In
particular, the initial graph Us; has 6 vertices and 7
edges, and each increment from Us; to Us,,; adds
exactly 4 vertices and 6 edges. Furthermore, Figure 1
displays a visual representation of the graph Us,,.

Figure 1. Upstairs graph Us,,

Now, we present example of Upstairs graph Us, for
n=2andn = 3.

Example 1: Figure 2 illustrated an example of Us,
which contains from two layers grid graphs P, X P;
and attached in an edge b;cq,. This graph has 10
vertices and 13 edges which vertex set and edge set
respectively
V(Usz) = {ao, a1} U {bo, b1, b2} U {co, ¢1, 2} U { do, d1}
and
E(Us;) = {agby, a1by, aghy, a1 b;} U
{boCo, byc1,byC2,b1Co, byc1} U {cody, c1dy, ¢1dyg, €244}

- - -

Figure 2. Upstairs Graph for n = 2 (Us;)
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Figure 3 illustrated an example of Usz which
contains from three layers grid graphs P, X P; and
attached in edge b;c; and b,c,. The Usz graph has 14
vertices and 19 edges which vertex set and edge set
respectively

V(Uss) = {ag, a1, a2} U {bg, by, by, b3}
U {co, €1, €2, €3} U {do, dy, d>}
and
E(Us3) = {aobo, a1by, azby, aghy, a1 by, az b3} U
{boco, b1c1, b2C2, b33, by o, bacy, bycy} U
{codo, €1d4, €2d5, ¢1dy, C2d4, c3d5}.

Figure 3. Upstairs Graph for n = 3 (Us3)

3.2. Graceful Labeling of the Upstairs Graph

After introducing the construction of the Upstairs
graph Us,, we proceed to establish its graceful labeling
property. The following theorem presents the main
result of this study by demonstrating that the Upstairs
graph admits a graceful labeling. By constructing an
appropriate vertex labeling and examining the induced
edge labeling, we prove that Us, satisfies all
conditions required for graceful labeling. The proof is
carried out by defining an injective vertex labeling
function and showing that the induced edge labeling
generates a bijection over the required edge label set.
The result is formally stated in the following theorem.

Theorem 1: For every integer n = 1, the Upstairs
graph Us,, is graceful.

Proof: Define the labelling of the vertices on the
graph Us,, as the function

¢:V(Us,) = {0,1,2, ..., q},

where q = |E(Us,)| = 6n + 1.

2 ; 1=0

6@ ~{pa +3) 120 W)
q ; j=0

$6) ={g(5,) -3 j=o @
0 ;o k=0

46 ={p(e, ) +3 kw0 ®

_ gq—1 ; [=0
2@ ={yq 3 120 )

For (1)-(4), the recursive formulas can be written
explicitly as

$(a;) =3i+2,
¢(b;) =q—3j,
¢ (c) = 3k,

¢(d) =q—1-3L
. For the index ranges in the construction of Us,,, these
labels form the sets
A={p(a);0<i<n}={258,..,3n+2},
B ={¢(b;);0<j<n}

={q,9—-3,9—6,..,3n+ 1},
C={¢p(ck);0<k <n-1}=1{03,6,..,3n — 3},
D={p(d);0<l<n-1}

={q—-1,9—4,9-7,..,3n+ 3}
To prove that the vertex labeling function ¢ is
injective, it is sufficient to show that distinct vertices
receive distinct labels. Consider the labeling rules
defined in Equation (1)-(4), the labels are generated
recursively with increments or decrement of fixed
magnitude 3 (depending on parity and special indices).
Since each successive assignment modifies the
previous value by a nonzero amount and follows a
deterministic rule, no two distinct vertices vy # v,
produce the same value. It remains to show that labels
from different vertex classes cannot coincide.

The labeling scheme for vertices a;, bj,cy,d;
(A,B,C,D) is also do not intersect, because they start
from different initial values 2,q,0,q — 1 respectively
and grow according to different arithmetic sequences.
The labels A are all congruent to 2 (mod 3), whereas
the labels in B are congruent to 1 (mod 3). Hence A N
B =@. Similarly, ANC=0, AnD=0, BNnC =@,
B N D = @, because the corresponding residue classes
module 3 are different. Finally, € and D are both
multiples of 3, but maxC = 3n — 3 while minD =
3n+ 3. Therefore, CND =@. Thus, A,B,C,D are
pairwise disjoint, implying that

d(vy) # ¢(v2), Y vy,v, € V(Usy).
Therefore, for any two vertices v, v, € V(Us,),
d(1) = dp(vz) = vy = v,
Hence, the vertex labeling function ¢ is injective. This
implied that every vertex receives a unique label and is

a subset of the set {0,1,2,...,q} which is qb(V(Us
(n))) c{o01,..,q}

Next, define the induced edge labeling function for
the graph Us,
¢ E (Usy) = {1,2,...,q}

¢*(uv) = [p) — dp(W)|
for each edge uv € E(Us,,).

where
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¢*(aib;) = |p(a) — d(b;)]

= lg — 5| ; 1=0,j=1
|p(a;i-1) — ¢(bj—1) +6|; otherwise
¢*(bjcr) = |p(b;) — plci)|
lq| i j=k=0
= lg —3| . k=0,=1 ©
|p(bj—1) — p(cr—1) — 6|; otherwise
¢ (crdy) =l p(c) — d(d)) |
lq — 1 . k=1=0 ,
= lg — 4l Ci=ok=1 7
|¢(Cj—1) —¢(di—1) + 6|; otherwise

To complete the proof that the Upstairs graph
Us,, admits a graceful labeling, it remains to show that
the induced edge labeling function ¢ is bijective.
From the vertex labeling defined in Equations (1)-(4),
every vertex receives a distinct label. Consequently,
each edge weight is generated from the absolute
difference between two uniquely labeled endpoints.
The induced edge labels are constructed according to
Equations (5)-(7), covering every integer n = 1.
Observe that the recursive construction of ¢* employs
distinct arithmetic increments and decrements +6
across different edge category a;bj,bjcy,cid,;. Since
each category edge produces values generated from
different recursive offsets, no two distinct edges
receive the same label. Therefore,
e1 # e, = ¢" (e1) # ¢* (e2)

for all e;, e, € E(Us,). Hence, ¢p*is injective.

Next, we show that every element of the codomain
{1,2,...,q} appears as an edge label. From Equations
(5)-(7), the induced edge labels are generated
systematically beginning from the largest values

q99—1,q—-2,..

and continuing through intermediate values until the
smallest edge labels are obtained. According to the
three edge classes of Us,, the induced edge labels
generated by (5)-(7) can be grouped into the following
three arithmetic sequences:

Sap ={q—2-3r;0<r <2n-1},

Spe ={q —31;0 <r < 2nj},

Sea={q—1-3r;0<r<2n-1}.
Since g = 6n + 1, these sets become

Sap ={6n—1,6n—-4,..,2},

Spe ={6n+1,6n—-2,..,1},

S.q = {6n,6n—3,...,3}
These three sets are mutually disjoint because they
correspond to different residue classes modulo 3:
Sap = 2 (mod 3),Sp. =1 (mod 3),5.4 = 0 (mod 3).
Therefore, Sab N SbC = Sab N SCd = SbC N SCd = ¢
Moreover, every positive integer from 1 to g = 6n + 1
belongs to exactly one of these three classes modulo 3.

More explicity,
Sap =12,58,...,6n — 1},
Spe ={1,47,...,6n+ 13},
Sca =13,69,...,6n}.
Hence,

Sap USpcUSy ={1,2,....6n+1} ={1,2,...,q}.
Thus, the labeling formulas partition the edge set into
mutually exclusive classes whose resulting differences
collectively produce all integers in {1,2, ..., q}. Thus,

Im(¢*) ={1,2,...,q}.

Therefore, for every integer t € {1,2, ..., q}, there exists
an edge e € E(Us,) such that ¢*(e) = t.Hence,
¢*(E(Usy)) = {1,2,..,q}, which is ¢ surjective.
Since the induced edge labeling function ¢* is both
injective and surjective, it follows that ¢* is bijective.

Since the vertex labeling is injective and the
induced edge labeling is bijective, according to the
definition of graceful labeling, the labeling ¢ on Us,, is
graceful, and consequently the Upstairs graph Us,, is a
graceful graph for every integern = 1. QED m

3.3. Illustrating Cases of Graceful Labeling of the
Upstairs Graph

To provide a clearer understanding of the Us,
graceful labeling scheme, illustrative examples of the
Upstairs graph are presented corresponding to graph
for n=3 and n=4. The following figures
demonstrate the assignment of vertex labels and the
resulting edge labels, showing that the induced labeling
satisfies the graceful labeling criteria.

Example 2: lllustrations of graceful labeling on the
Upstairs graph for n =3 and n =4 are shown in
Figures 4 and 5, respectively.

[}
. . . .
1 )
. - - .
. . L

Figure 4. Graceful Labeling of Us3
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18 ]
’ . . .
19 6 18
. . . .
. . . .

Figure 5. Graceful Labeling Us,

3.4. Python-based Algorithm Implementation and
Computational Verification of Graceful Labeling of
the Upstairs Graph

To complement the theoretical proof of
graceful labeling, a computational implementation was
developed to generate and verify the labeling pattern of
the Upstairs graph. Algorithm 1 was designed to
automatically construct visualizations of graph
structure for a given integer n, constructs the
corresponding vertex and edge sets, assigns the vertex
labels according to Equations (1)-(4), computes the
induced edge labels, and checks whether the resulting
edge label set is equal to {1,2,..,q}. Thus, the
computational procedure serves as a reproducibility
and validation for the labeling construction, whereas
the validity of the graceful labeling for every integer
n = 1 is established by the analytical proof of Theorem
1.

Algorithm 1 Graceful Labeling Construction for
the Upstairs Graph Us,

Require: Integern > 1
Ensure: Vertex labels, edge labels, and graceful
verification
1: Construct the vertex set V' (Us,,).
2: Construct the edge set E (Usy,).
3: Setq =|E(Us,)| =6n+1.
4: Assign the vertex labeling function ¢
according to Equations (1)-(4).
5: Check that
o) €{0,1,...,q},Vv €set V(Usy,)
and that ¢ is injective.
6: If the conditions in Step 5 are satisfied, then
continue; otherwise, return False.

7: for alluv € E(Us,) compute

¢ (uv) = [p(w) — ()|
8 if {¢p"(uv) |uv € E(Usp)} = {1,2,...,q}
then set verification result to True; otherwise, set
it to False.
9: Visualize Us,, together with the vertex labels
¢ and induced edge labels ¢*.
10: return Verification result.

Algorithm 1 provides a compact computational
procedure for implementing the general labeling
construction and checking the graceful labeling
conditions for a specified value of n. In particular, the
algorithm does not replace the analytical proof of
Theorem 1. It provides an independent computational
confirmation that the proposed formulas are correctly
implemented and that they produce the required
labeling for the tested instance.

The  computational  experiments  were
performed in the Google Colab environment using
Python version 3.13.15. NetworkX version 3.6.1 was
used for graph construction and manipulation, while
Matplotlib version 3.10.0 was used for graph
visualization. The computational environment was kept
consistent throughout the graph construction, vertex
labeling, induced edge labeling, visualization, and
verification procedures for the graceful labeling of Us,,.

For a specified value of n, the implementation
constructs a graph with g edges, assigns the proposed
vertex labels, computes the induced edge labels, and
verifies whether the resulting edge-label set is exactly
{1,2,...,q}. This computational procedure provides
confirmation of the analytical construction for the
selected instance and supports the reproducibility of the
proposed labeling scheme. It should be emphasized that
computational verification of individual or selected
values of n does not by itself establish the result for all
n. The general statement that Us,, is graceful for every
integer n > 1 follows from the analytical proof given
in Theorem 1.

Furthermore, the output visualization of the
algorithm’s implementation for the selected instance
n=4 is presented in Figure 6 to demonstrate
consistency between the analytical derivation (Figure
5) and the computational results. The resulting vertex
and induced edge labels are consistent with the labeling
construction established analytically in Theorem 1,
thereby providing computational confirmation of the
proposed graceful labeling for this instance.
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Figure 6. Output of Python-based Algorithm for
Graceful Labeling Us,

3.5. Distinction from the Vee Graph

Although the present study is motivated by our
previous work on the Vee graph [23], the Upstairs
graph (Us,) is mathematically distinct from the Vee
graph (V) in both its construction and labeling
structure. The Vee graph (V;,) is obtained by attaching
two grid graphs, (P, X B,) and (P, X P,,1), along one
pair of corresponding end edges. Consequently, it has
4(n+ 1) vertices and 6n + 4 edges. In contrast, the
Upstairs graph (Usy,) starts from the grid graph
(P, x P3) and generates subsequent layers recursively
by attaching each new layer to one of the edges defined
as b, _1cy—1. This recursive mechanism produces 4n +
2 vertices and 6mn + 1 edges, and gives the graph its
characteristic Upstairs structure. Thus, the two graph
families are not related merely by a geometric
rearrangement of the same construction: the Vee graph
is formed by a one-time attachment of two grids,
whereas the Upstairs graph is defined through a
recursive layer by layer construction.

The labeling structures are also fundamentally
different. The graceful labeling of 1, uses two vertex
classes (s; and t;) with several case dependent formulas
involving the parity of n, special indices, and different
increments or decrements. In the present construction,
Usy, is described using four vertex classes (a;, bj, ¢k, d;)
whose labels are generated from the initial values
2,q9,0,q — 1 respectively, through recursive arithmetic
patterns with step size 3. The induced edge labeling is
likewise organized according to three distinct edge
classes (a;bj,bjcy,crd;) and follows a different
arithmetic difference pattern. Therefore, the graceful
labeling established for Us,, is not a direct adaptation

of the labeling scheme previously developed for V,, but
a new labeling construction associated with a different
recursively generated graph family. These structural
and labeling differences establish the mathematical
novelty of the Upstairs graph and extend the class of
grid-derived graphs known to admit graceful labeling.

3.6. Discussion

Previous studies primarily generated graceful
graphs through structural composition. For example,
the W graph was obtained through the combination of
two ladder graphs and a cycle component [22] and the
Vee graph was derived from two grid graphs [23],
where graceful properties were established through
explicit construction of vertex and induced edge labels.
These approaches demonstrate that modifying known
graph structures can produce additional graceful graph
classes. In line, the findings of this study extend the
current development of graceful graph construction by
introducing a new graph family derived from a layered
grid graph arrangement, namely Upstairs graph. This
construction yields a structural configuration that
differs from previously reported grid-derived graceful
graphs and expands the diversity of known graceful
graph families.

Another distinguishing contribution lies in the
incorporation of computational verification. Recent
studies have shown that C++ [18] and Python-based [1]
algorithms can support the exploration and verification
of graph labeling patterns and reveal structural
regularities ~ computationally. In  this  study,
computational implementation is not intended as a
substitute for proof, but serves as an additional
validation mechanism to confirm the correctness of the
theoretical labeling and to visualize graceful
configurations of the Upstairs graph. The agreement
between analytical proof and computational output
strengthens the reproducibility of the proposed labeling
framework.

Overall, these findings indicate that the Upstairs
graph contributes not only as a new graceful graph
family but also as an alternative construction paradigm
for developing future grid-derived labeling structures
and computational graph labeling studies.

4. Conclusion

In this paper, a novel graph construction called
the Upstairs graph, denoted by Us,, as a new
recursively generated graph family and a distinct
graceful labeling construction has been introduced and
investigated within the framework of graceful labeling.
The Us, graph was developed from a stair-like
arrangement of grid graph components, resulting in a
structured yet distinctive topology that extends existing
grid-derived graph families. The principal result is
established analytically by providing a formal
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construction of the vertex labeling and proving that the
induced edge labels satisfy the conditions of graceful
labeling. Computational implementation is then
employed as a complementary verification to validate
the labeling construction and generate visual
representations of the gracefully labeled graphs. Thus,
the study establishes the Upstairs graph as a new class
to the collection of known graceful graphs through a
mathematically  proven  result supported by
computational verification.

Future studies may extend the Upstairs graph
through the development of structural variations and
generalized stair-based graph families while examining
their behavior under alternative graph labeling
schemes, including edge graceful labeling, harmonious
labeling, total labeling, and other generalized labeling
frameworks. Beyond labeling theory, another
promising direction is to investigate algebraic and
spectral properties of the Upstairs graph through
matrix-based representations and graph energy
concepts. Inspired by recent developments in degree
subtraction and degree square subtraction energies on
structured grid-derived graphs [31], future studies may
examine adjacency energy, Laplacian energy, signless
Laplacian energy, Sombor energy, degree subtraction
energy, and related spectral invariants of the Upstairs
graph to identify hidden structural characteristics and
asymptotic behavior. Moreover, recent advances in
algebraic  graph theory concerning chromatic
polynomials of grid graphs have emphasized the
importance of structured graph models in coloring and
enumerative problem [32]. Given that the Upstairs
graph originates from a grid-based construction, future
work may examine whether similar algebraic or
matrix-based approaches can be adapted to determine
chromatic polynomials and other invariant properties of
the Upstairs graph and its related variants.
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