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Abstract: This paper investigates the Klein—Gordon equation within the framework of fractional calculus
by incorporating non-integer time and spatial derivatives to model physical processes characterized by memory effects
and nonlocal interactions. Fractional operators in the Riemann—Liouville and Caputo senses are employed, together
with the Laplace transform and the Mittag—Leffler function, to reformulate and solve the associated initial value
problem. The resulting solutions are examined both analytically and graphically in order to evaluate the influence of
fractional orders on the temporal and spatial dynamics of the system.

The analysis demonstrates that small variations in the fractional orders lead to significant qualitative
changes in the behavior of the scalar field, indicating transitions between classical and fractional regimes. In
particular, anomalous damping, power-law decay, and nonlocal propagation phenomena are observed, which are
intrinsically linked to the properties of the Mittag—Leffler function.

The principal contribution of this study is the systematic characterization of the role of fractional order in
the Klein—Gordon equation. The proposed fractional model generalizes the classical formulation and provides a
suitable mathematical framework for describing systems exhibiting anomalous dissipation, long-term memory, and
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non-Euclidean geometric effects.

Keywords: Fractional calculus; Klein—Gordon equation; Caputo derivative; Riemann—Liouville derivative;
Laplace transform; Mittag—Leffler function; nonlocal dynamics; memory effects.
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1. Introduction

The Klein—Gordon equation is a relativistic partial
differential equation that describes the dynamics of
scalar fields in theoretical physics. It is a relativistic
generalization of the Schrodinger equation and is
mainly used in the context of quantum mechanics and
quantum field theory. The equation is named after the
physicists Oskar Klein and Walter Gordon, who
proposed it in 1926 [1]. To obtain a satisfactory
numerical approximation with minimal error, we
employ fractional calculus, which extends the notion
of differentiation to non-integer orders [2]. Some
advantages of seeking an approximate solution using
fractional calculus include:
« Anomalous diffusion: Unlike classical diffusion,
where particles spread uniformly, anomalous diffusion
describes processes in which particles move non-
uniformly, displaying complex dispersion patterns.
* Memory effects: Systems with memory retain
information about their past states, which influences
their present behavior.
* Complex material behavior: Certain materials
exhibit physical properties that cannot be adequately
described using classical models.

2. Fractional Calculus Operators
The foundation of fractional calculus lies in
questioning whether integer-order derivatives could be
extended to fractional orders while preserving
mathematical coherence. The origin of this idea dates
back to L'Hopital on September 30, 1695 [3]. On that
day, in a letter to Leibniz, L’Ho6pital mentioned certain
limitations in the way Leibniz’s convention for the nth
derivative of a differentiable function was expressed.
Driven by scientific curiosity, L'Hopital asked what
would happen if nnn were taken as one-half [4].
Leibniz responded with “an apparent paradox from
which useful consequences will one day be drawn” [5].
This unprecedented exchange marked a turning point:
soon after, brilliant minds such as Euler, Laplace, and
Riemann, among others, turned their attention to
fractional calculus, each contributing essential
elements to its development. Historical records show
that Lacroix was a precursor, publishing in 1819 the
first work referring to fractional differential operators
[6]. Starting with nnn, where nnn is a positive integer,
Lacroix obtained the nth derivative, given by equation

(1).
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d"y m!

dx®  (m—n)!
The Gamma function I'(x) is well defined and analytic
for x>0 [7] [8]. Let us examine the usual results of the
Gamma function. Note that the Gamma function
satisfies, for all x>0in its domain, the following
property — see:

m-—-n

X with n <m (D

F'x+1) = f t*e~tdt
0

0 ()
+xf t¥le~tqt
0

= xI'(x)

tx

et

Equation (2) expresses the property I'(x+1)=xI"(x).
This property allows us to derive a result for the
Gamma function.

rn+1) =n! 3)

We can use equation (3) and the Legendre symbo T, to
write the n-ésima Omudka! UcTOUYHMK CCHLIKH He
Haiigen. derivative (1) of the function f{x)=x", we
obtain equation (4).

d"y m!

— xMm-7
dx™® (m—n)! @)
d"y rm+1)

— xm-n
dx®* I'(m—-n+1)!
The Beta function is defined by equation (5):

1

B(x,y) = jo (1

—t)Y Ydt with x,y
>0

)

Applying the function I'(#7) to the function S(m,n).
with m>0 a n>0, we obtain equation (6).

_Irmrm

B(mn) = r(m+n)

(6)

Although Lacroix was the first to publish on the
concept, it was Abel who, in 1823, made the first
effective use of fractional operators [6]. He applied
differential operators of order 1/2to transform and
solve the non-local integral equation characteristic of
the tautochrone problem, thus establishing the first link
between fractional calculus and classical mechanics.
One of the important results for fractional calculus is
the Laplace transform of the derivative of order "n" of
a function £ Si A (#),n€Z is piecewise continuous on
[0,0) and of exponential order, then the Laplace
transform of its fractional derivative is given by
equation (7).

L™ o) = "L ©)
I IIONR

k=0
Furthermore, the Laplace transform of the fractional
integral of order "n" of a function fis given as follows.
if £]0,00)—=R is piecewise continuous on [0,00) and of
exponential order, then the Laplace transform of its

fractional integral is given by equation (8).

1 1

LM} = LFOY= 2 F&) )
Since the objective is to solve differential equations,
when solving differential equations using the Laplace
transform, what we obtain is the transform of our
solution. It is therefore essential to recover the original
function from its transform, which we achieve through
the inverse Laplace transform, defined by equation (9).

1
— : st
f() = > }l(g?o fLRe F(s)ds

1 a+ioo (9)
=— f eStF(s)ds t>0
2mi )
a—100

For a function of two variables u(x¢) defined on
a<x<band £>0, the Laplace transform with respect to
t, is defined by equation (10), and its inverse transform
is given by equation (11).

u(x,s) = L{u(x,t)}
= f e Stu(x, t) dt (10)
0
Its inverse transform is given by equation (11).

u(x, t) = L7 H{u(x, s)}

1 a+ioo ( )
11
- st
=5 j e**u(x,s)ds a>0
a—1Loo

Let us note some relevant properties for the

development of the text.
Ju(x,t)) _ du(x,s)
L{ ox } T odx

%u(x,t)) _ d*u(x,s)
¢ L{a a(xz) }_ dx?
u(xt)) _ _
. L{ZT} = su(x,s) —u(x,0)
“u(x,t)) _ 2 _ __ 0u(x,0)
. L{ 12 }— s“u(x,s) —u(x,0) o

These properties can be derived from the definition of
the transform [9] for single-variable functions, using
the method of integration by parts.

The Mittag—Leffler function is a generalization of the
exponential function represented as a power series. Its
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application has proven particularly effective in the
analysis of fractional differential equations,
establishing itself as the natural analogue of the
exponential function in the context of ordinary
differential equations [10]. The Mittag—Leffler
function is defined as follows in equation (12).

VA
Bap = kZO I'(ak + ) (12)

When a=f=1 we obtain: £ ;(2)=¢€” which turns out
to be just a particular case.

Fractional operators, such as the Riemann—Liouville
and Caputo operators, each have their particular
advantages depending on the type of problem to be
solved. Note that the Caputo operator is suitable for
initial value problems since its formulation allows
initial conditions expressed in terms of continuous
functions.

We will specify the equations for the integer-order
derivative and the n-fold integrals. let f be a
continuous and differentiable function on R .
According to the classical definition, the expression
for the derivative of order n.is given by equation (13).

d"f(x)
dx™ (13)
x+h
=limZ( 0 (, f( ) nen
h—0
Where (Z =#{k)" we use the gamma notation and

neN, it is necessary that n~a where a€Q using the
properties of the gamma function we have equation

(14).

d“f(x)
dx®
_ 1 B 'n+1) (14)
- haﬂ’éz ( )kr(k+1)r(n—k+ /&
+ kh)

Where nh is the maximum increment over the interval
from xto b.

The derivative at the point Xy exists, and the function
fis continuous and differentiable throughout the entire

interval /, Therefore, we can extend the derivative to

the whole interval, which is, limy,_, w For the

minimum value of h as h—0 we get £ but the
maximum value of h=5b-x fo x€/(ab) such that
nh=b-x. Substituting into equation (14).

T bes

= tim (5= x)a Z (—Dk (i)f (x (15)
k=0

+ % b — x))

Since h=b—: and h—0 then n—oo, it follows that for

D7 in equation (15) there exists a less than zero (a<0)
such that,

D= (x) = lim (b f x)_a Z (—1)k (_k“)f (x + % (b -
k=0
= limh® ,Z:O (D ((__a“z! o f(x + kh)

We introduce a representation for the combination of
two numbers under some particular conditions of the
equation (16), supported in the literature [11].

(—a)!

—ay

(k )_k!(—a—k)!
_—a(-a-1)..(—a—k+1)(—a—k)(—a—k-
a k!'(—a —k)(—a—k —1)..,1

(k—terms.)
_—a(ma—-1)..(—a—k+1)
k!
_EDMa@+ 1) . (@ + k= 1)]
k!

[a(a+1)...(a+k1)]
X

(-

Thus, the result of equation (18) is substituted into
equation (16).

It is defined that [Z] =
equation (17).

, W€ can rewrite

(18)

DY)
b pa (-a)!
_lllinﬂ)h kz=0 k!(—a’—k)!foc_l_kh) (19)

= lim h® zn: ] £ G+ k)

h—-0
k=0

The derivative (19) is called the Griinwald-Letnikov
derivative, used in the solution of systems.
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Let's compare the writing of equation (19) for this: we
can fir®(x) = h*Sjiq [ ] FGx + kh) so we have
equation (20)

DS (x) = Lim fir“ (x) (20)

The Grinwald-Letnikov derivative is obtained in
general terms as shown in equation (21).

04 1 b
D5 =) @ @1
—x0)*f()dr

The foundations of fractional calculus begin with the
consideration of the fractional integral. But before that,
let us look at Cauchy’s formula for the iterated
integral, which we have used as a basis. Equation (22)
allows us to simplify the integer-order n integral of a
real function into a single convolution integral. We
start by introducing the notation 1;+ for the first
integral of the function fthat is, equation (22).

Iif(x) = j f(t)dt (22)

Cauchy’s formula for iterated integrals, considering
the fundamental theorem of calculus and the method
of integration by parts, can be written as equation (23).

n — 1 * n—-1
60 =g | G- 0MOde 23)

Cauchy’s formula for iterated integrals precedes the
Riemann—Liouville fractional integral of order a> 0,
which naturally extends from this expression, as
shown in equation (24).

w ey L [T fQ
0 =05 | Grgmt @9

Let f£1'/a,b] and a€C be such that R(a)=>0. The
Riemann—Liouville integrals (24) of order a of the
function £denoted by £+ [A#)] Ommbxra! UcTounni
cchlikn  He Haiined. and /5 [AH] Ommoéka!
M CcTOYHHUK CCHIJIKH He Hal/IeH..

) 17 f®
SO =t | Gt (os)

=>a

o 1 " f®
LRI ) e e

<b

Called the right (25) and left (26) integrals,
respectively. From now on, we will work with the right
Riemann—Liouville fractional integral (25), since the
left Riemann—Liouville fractional integral behaves
similarly; for this reason, only the right integral will be
used unless otherwise indicated.Let us note the
linearity property.

16 (18r) @ = (157%F) © (27)

Equation (27) shows how the properties of the
integral operator are satisfied.

If fis an absolutely continuous function on the interval
[a D] [12] and a€(0,1) then the Riemann—Liouville
fractional integral of fof order 1-ais also absolutely
continuous on the same interval. Thus, the operator
A% is the Riemann-Liouville fractional integral of
order 1-a, defined by equation (28).

o 1
U HE = m(f(a)(t
_ a)l—a

t
[ roe
— r)l‘“dr)

(28)

The integral property of a monomial is associated with
an evaluation formula for the Riemann—Liouville
fractional integral of functions of the form(#a)®, that
is, a power of £a, by substituting this expression into
equation (25), we obtain.

1 [t (t—-a)f
1&[ - 2 =55 ) (Et_ r;?_a dr (29)

Notice that equation (29) can be rewritten in terms of
the gamma function by employing the beta function
(6). Consequently, the fractional integral of a
monomial takes the form shown in equation (30).

r+1)
F(la+B+1) (¢ (30)

— a)b+a

14t - a)f] =

2.1. Derivada fraccionaria de Riemann Liouville
Let f€[ab]> R, Then, the right Riemann—Liouville
fractional derivative denoted by (D% /) (9, Of order
a>0 is defined by equation (31).
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GO
T £6s)

C dt"T'(n—a) fa (t —s)x—n+1 ds, (D)
t>a

Where n=[aJ+1 and [a] is the integer part of a.

Let f£[a b]—> R, the left Riemann—Liouville fractional
derivative denoted by (D% (£, Of order &>0 it is
defined as equation (32).

(Dp-H)(®)

_d" 1 P f()

S dt"T(n—a) ), (t—s)*n+l
t<b

ds, (32)

Where n = [a] + 1.

2.2. Caputo derivative

Although the Riemann—Liouville fractional derivative
has been fundamental in the theoretical development
of non-integer order calculus, its formulation presents
significant limitations in physical modeling. The main
obstacle lies in the fact that the initial conditions
associated with (D*%f(0%) with a€(k1,k lack a
direct physical interpretation, making their
implementation in real systems difficult.

In contrast, the Caputo fractional derivative [13] uses
initial conditions based on integer-order derivatives,
that is, initial values that can be physically obtained in
the traditional way. This definition has represented
advances in the study and understanding of physical
phenomena.

Let us define the Caputo fractional derivative of order
a of £, where f€L,(a,b) and aeR*

Daf(®) )
1
:F("_“)L ) (33)
— )l (g)ds fort > a
= I"‘“;?f(t) fort >a

The operator in equation (33) is subjected to the
Laplace transform, as shown in equation (34).

LD (D)} = s°F(s)
_ Z Skfa—k—l(o) (34)

k=0

If /=a-k-1 then A9 (0) is the value of the derivative of
order /of the function fat the origin. Now, if we apply
the Laplace transform to equation (33), it becomes:

LU (D)} = sTUF(s) (35)

2.3. Fractional Differential Equations

In this introduction, we will explore the fundamental
concepts, properties, and applications of fractional
differential equations, emphasizing their importance in
contemporary research and their potential to solve
real-world problems [11].

Let the polynomial
P(X)=x"+a; X" +a,x"?++-+a,=0, now we make
x=D"

P(DV) = D™ +_alé)"(”_1) + -+ a,D° (36)
Equation (36) is known as the fractional differential
operator, which can be written compactly as
P(D")y()=0. We know that an ordinary differential
equation (ODE) of order n has n linearly independent
(L.I.) solutions.Now, a fractional differential equation
must have an integer solution, that is, N>nv.

Theorem 2.
Let B,(D")y()=0 be of order (m,qg) and let the

solution be ¥=L* (Pl(s")). If Nis the smallest
integer such that nv<N, then yq,35,...V...V, are L.I

solutions where Y1 (H=D'Y(H=0 with
i=0,1,..,N-1

Theorem 3.

Let the equation

(DD + by DDt b, D) (H=LE) of order
(1,q). Let the initial polynomial corresponding to the
equation be given by A(X)=x"+a;x"1+---+a,. Let
y=L1 (P 1(5")) and let N be the smallest integer

such that N=nv, Then yq,05,...0-Va(f) with
Yu1(O= Dy(9 and j=1,..,N-1. These are N L.I
solutions.

3. Application of Fractional Calculus
for the Solution of the Klein-Gordon
Equation

The Klein-Gordon equation describes the dynamics of
a scalar field ¢(X ). It is a relativistic wave equation
that includes terms such as mass and is derived from
variational principles based on a Lagrangian density;
that is, it is a function of spatial coordinates, velocities,
and derivatives of the coordinates that describes how
energy is distributed in a physical system throughout
space and time [14] [15].

Page | 176



Journal of Hunan University (Natural Sciences)

Vol. 52 No. 11, November 2025

m2c*
O +? =0 (37)
Where:
e @(Xt)is ascalar field
e cis the speed of light
e mthe mass of the field
e fis the Planck constant
2

e D’Alambert Operator O= %;—ﬂ -v?

2
o WithV?=Y; % =A Laplacian operator.

The term O ¢ represents the propagation of the wave in
space and time, so we can consider that it only moves
along x, the term 117 g is the mass effect that modifies
the wave propagation, which can be considered as ¢
and we will use natural units [16], that is, A=c=1, to
simplify equation (37), it can be written as equation
(38).

0%¢ 0%¢

F—m'szfp:O (38)
Equation (38), under certain initial conditions, leads to
the initial value problem (39).

0%p 0% 5
9z gxz tme=0
0(x,0) = f(x) (39)

9
a¢@ﬁ)=g@)

The initial value problem (39) has different
approximate solutions such as:

Classical solution

The solutions to the classical Klein-Gordon equation
are plane waves of the form ¢(xt)=e™®©0 where k
is the wave vector and is the frequency. The dispersion
relation w?=k*4+m?, describes how the different
components of a wave propagate through space. This
indicates that the solutions are waves propagating with
a frequency w related to the momentum k and the
mass m [17]. The solutions can be real or complex,
depending on the physical context.

Plane wave in one dimension
ool 1IN AN AR AN

0.6

0475

0.2

@(x 1)
o

-0.2
-0.4 J

0.6

RANDYAEE

0 1 2 7 8 9 10

Position (x)

Figure 1. Solution of the Klein—Gordon equation for
three values of .

Superposition of waves
7 T T T . T

Mo 6 6 <+ 2 o0 2 4 & 8 10
Position (x}

Figure 2. Different plane waves with different wave

numbers k are superposed to form a localized wave

packet.

3.1. Fractional Klein—Gordon equation.

In its traditional form, it uses second-order integer
derivatives to model the temporal and spatial evolution
of the particle. By applying the concept of fractional
calculus, it will be extended to non-integer orders of
differentiation. This means that we can consider
derivatives of fractional order. By replacing the integer
derivatives in the Klein-Gordon equation with
fractional derivatives, we obtain the fractional Klein-
Gordon equation in the spatial dimension x and
temporal dimension ¢ which is given by equation (40).

% 0fp
ate oxF TP
0(x,0) = f(x) (40)

0
%qﬂ(x. 0) = g(x)

For 1<a<2 and 1<f<2, where:
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e  @(x10 is ascalar field.
e . . . .

. a_tf It is the fractional derivative of ¢ with
respect to time ¢ of order a.

aﬂ . . . . :
o ﬁ It is the fractional derivative of £ with

respect to space x of order £.
e mis the mass.

The form of the temporal derivative is given by
equation (41).

Dgo(t)
1 t

B o™ (1) 4 (41)
N rm—a)l,

(t _ T)a+1—n

And the form of the spatial derivative is given by
equation (42).

DE o)
1 X

~ o) @)
A *

(x — s)B+1-n

Continuing, we can assume that the function ¢ is
separable, so, @(x,6)=X(x)7(f), then, for equations
(41) and (42), we have:

e Temporal: D§p(x,t) = X(x)D§T(t) =

t TW(@) .
X(x) ) fo T +T1_n dt additionally

L{DET(t)} = s“L{T(t)} —
YHZss*RIDRT(0) = s L{T(t)} —
s*IT(0) — s*2DT(0).

e Spatial: quo(x, t) = T(t)DfX(x) =
1 x  XM(s) ..
T(t) rp) fo G_s)Frin dt additionally

£{DEx(0} = sPLix(x)} -

B2 sP=k=1pk x(0) = sPL{X (x)} —
sb’ 1X(O) sB=2Dx(0).

hen, the initial value problem equation (40),
considering that ¢ is separable, is:

X(xX)DET(t) — T()DEX(x)

+m2X(x)T(t) =0 (43)

Which equation (43) can be written as equation (44).

T(t) ——DEX(x) + m2 =0 (44)

T(t) X()

In the case that m=0 and
1 2
m) D= X()DEX(X) A

temporal and spatial solutions.

we can find both

3.1.1. Temporal solution
Equation (44), considering A is written in the form:

7 (t)D T(t)—A>+m?=0 (45)

Or equivalently, D* T(8)+(nm?-2*) T(H=0. Solving
this fractional differential equation using the Laplace
transform, we have:

L[ D T()+(n?-22) T(H] =0

LIDT(B)+(n?-2)L[ T(H] =0

STLIT(D]-s*1 T(0)-s*2 DT(0)+ (-2 )L[ T(H] =0
Then

s2170)+s%2 DT(0)

LTl =—Zmm
L[7(H] =T(0) D) +D71(0) (D)
10 =ML [ + 010 [ 5
() =T(0) E(g1) (17-2) )+ DT(0) ¢ B0 ((17?-2) )

3.1.2. Temporal solution
Equation (44), considering A is written in the form:

! — DX +224+4m2=0  (46)
XM
Or equivalently, o X(x)+ (22 +m*) X(x)=0. Solving

this fractional differential equation using the Laplace
transform, we have:

L[ DPX(x)-(B+n?) X(x)] =0
SPLIX(X)]-s71 X(0)-572 DX(0)-(2+m?)L[X(®)] =

Then
s#1X(0)+s%2 DX(0)
L[X(X)] = Sﬂ-(/12+m2)
SFl P2

L[X(0)] =X(0) gy, +DT(0) Ftnd)

B2
X(x) =X)L [W] +DX(O)L [ﬁ]
X(x) =X(0) Egy) (-(A+07°) )+ DX(0) t By (-(£+mP) )

4. Analysis and Results

The behavior of both variables will be shown
through graphs, from their discretization to the
solution in both the spatial and temporal parts, as well
as the function ¢(xf), all following the order of the
fractional derivative. The discretization of the spatial
variable follows a distribution given by the hyperbolic
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secant function, while the temporal variable is
discretized in equal divisions of the interval.

Let's first consider the case where 12-m*<0

4.1.1. Let's examine the spatial solutions.

z=2(x)
5 T T T T

T T
Real Part 3=2

Real Part 3= 1.8
Real Part 3= 1.6
Real Part 3= 1.4
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4t

~Real Part 3= 1.2
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0 0.1 02 03 04 05 06 07 08 09 1

Figure 3. The function z(x)=(1*+m*) x*

Spatial Solution
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: . .
6 05 1 15 2 25 3 35 4 45 5
2(x)

Figure 4. Spatial solution.

From Figure 3, it is observed that the function
2(x)=(*+nt )Xﬂ g is a nonlinear potential that
depends on xand grows monotonically from 0 up to
(/12+m2) since the term x” is increasing. The
parameter Sis the fractional order, where for the case
P=2, it corresponds to the classical case and the curve
z1s a parabola. Now, for #<2 the fractional case, the
curve grows more slowly, showing a sub-quadratic
behavior. It is evident that for all cases of /5, the
function z(x)—0 behaves similarly but with different
slopes.

Now, Figure 4 shows the spatial solution of the Klein-
Gordon equation. For <2, representing spatial
smoothing, the solution ¢(X) shows fewer oscillations
and greater decay due to the nonlocal characteristics of
the Mittag-Leffler function. Due to memory effects,
the long tails of the Mittag-Leffler functions introduce
nonlocal spatial dependence, showing field
propagation in media with spatial memory. A decay
following a power law is observed, leading the

function ¢(X) to exhibitanomalous damping. For the
case (=2, the classical solution X reduces to an
exponential function ¥,

4.1.2. Temporal solution

z=z(t), A2-m2<0
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o 0.5 1 1.8 2 2.5 3 3.5 4 4.5 5
t

Figure 5. The function z(i Uz-(/lz-mz } tr

Temporal Solution [)2 -m?< 0)
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Figure 6. Temporal solution

From Figure 5, the function z(¢) is negative and
decreases depending on a such that the scale is
adjusted to |/12-mz|.

Figure 6 shows the temporal solution of the Klein-
Gordon equation. In the classical case, for a=2 the
solution ¢( 7), which is directly related to the Mittag-
Leffler function, shows that the function 7 combines
pure harmonic oscillations.

Now, in the fractional case, the function ¢(7) exhibits
power-law decay with oscillations (referred to in
English as power-law behavior), since it does not
follow a simple exponential function but rather a
power relation. The damped oscillations decay with an
amplitude of £¢ and moreover, the nonlocality of the
fractional derivative introduces temporal memory—
that is, dependence on the history. The field ¢(7)

oscillates with a frequency of w=vm?-A? but depends
on a.
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Solution of fractional Klein-Gordon equation 10t
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Figure 7. Classical solution for the case a=pf=2

Under these conditions, the fractional Klein-Gordon
equation reduces to its classical version but with an
effective imaginary mass term, which implies damped
oscillatory behaviors or exponential growth.

Solution of fractional Klein-Gordon equation %108
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Figure 8. a = =1.2
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Figure 11.a=5=1.8

Figure @ 7 shows the  general  solution
@(X,T)=X(x)T(t) . The function ¢ combines both
spatial and temporal components, where both depend
on the Mittag-Leffler function.

Figure 8 shows the temporal part presenting a slow
decay for #?, while the sublinear growth of x'?,
indicates media with high dissipation and propagated
temporal memory.

Figure 9 shows that the temporal decay is faster, yet
still anomalous, and the spatial growth is sub-
quadratic, which we expect between fractional and
classical calculus.

Figure 10 shows oscillations with moderate decay in
the temporal part, and now the spatial part resembles
quadratic growth, corresponding to a system with
controlled dissipation and a quasi-classical spatial
structure.

Figure 11 depicts the case near the limit before
recovering classical behavior.

Let us first consider the case where A2-n2>0
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4.1.3. Let’s examine the spatial solutions.

z =z(x)
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5. Conclusions.
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This study demonstrates that the fractional
formulation of the Klein—Gordon equation
allows for the capture of non-classical effects
associated with time memory and spatial non-
locality. The solutions obtained show that
fractional orders directly control the degree of

damping, dispersion, and the transition
between conservative and  dissipative
dynamics.

In agreement with previous work on fractional
differential equations and the use of the
Mittag—Leffler function, the results confirm
that the fractional regime generalizes classical
exponential behavior. Unlike traditional
integer models, the proposed formulation
reproduces power-law decays and damped
oscillations, which coincides with recent
reports on physical systems with anomalous
diffusion and complex media.

From a theoretical perspective, the study
reinforces the relevance of fractional calculus
as a mathematical tool for extending
fundamental equations of mathematical
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physics. In applied terms, the results suggest
that the fractional Klein—Gordon equation can
be used to model materials with memory,
quasi-elastic systems with minimal losses, and
structures with fractal or non-Euclidean
properties.

e The authors' main contribution lies in
coherently integrating fractional operators
with the Klein—Gordon equation, providing a
detailed analysis of the spatial and temporal
solutions and their dependence on fractional
order. This approach expands our
understanding of the physical impact of
nonlocality and memory in relativistic models.
Future research directions include studying
energy conservation in the fractional
framework, extending the model to higher
dimensions, and incorporating nonlinear
interaction terms. Furthermore, exploring
numerical and experimental applications to
compare the theoretical results with real-world
physical systems is of interest.
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