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Abstract: One-dimensional advection—dispersion formulations are widely used to model solute fate in rivers,
yet they typically rely on restrictive cross-sectional averaging assumptions. Building on the dual approach,
which formalizes dimensional reduction without ad hoc closures, we derive a general one-dimensional tracer
transport equation by directly integrating the three-dimensional tracer conservation law for open-channel
flow. The resulting formulation preserves the effects of cross-sectional heterogeneity through rigorously
obtained correction terms that account for shear dispersion and transverse exchange, and it clarifies the
conditions under which these terms vanish.
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We show analytically that the previously proposed one-dimensional equation obtained by combining dual-
approach reductions in the horizontal and vertical directions (the “two-horizontal/two-vertical”
construction) is a special case of the present derivation. Under standard homogeneity and rapid-mixing
limits, our equation reduces to the classical cross-sectional advection—dispersion model, ensuring backward
compatibility with established practice. Validation against observed tracer data from a natural river reach
demonstrates that the new formulation reproduces concentration evolution and longitudinal spreading more
accurately than both the classical one-dimensional model and the combined two-horizontal/two-vertical
dual-approach equation. By strengthening the theoretical foundations of dimension-reduced transport and
improving empirical fidelity, the proposed equation offers a robust tool for analyzing pollutant dispersion
and solute dynamics in fluvial environments and for guiding monitoring and management in rivers with
pronounced lateral and vertical structure.

Keywords: classical cross-sectional averaging; dual approach; Huong River; one-dimensional tracer
transport equation; three-dimensional tracer transport equation; advection—dispersion; shear dispersion.
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1. Introduction develop all the equations for flow and tracer transport in
one dimension (1D), two dimensional horizontal (2DH),
two dimensional vertical (2DV), three dimensions (3D).
This approach resulted in new equations and systems of
equations that are more general than the classical ones
[9-19]. Previously, to obtain the one-dimensional tracer
transport equation in [11], we combined the two-
dimensional horizontal from [9] and two-dimensional
vertical from [11] tracer transport equations, both of
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The classical average equations or traditional
average equation for flow and tracer transport have been
introduced in many studies [1-6]. The dual conception
involves considering two different aspects of a problem,
which enables a more appropriate investigation. Dual
averaging has been proved to be more general than
classical averaging [7,8]. We applied dual averaging to
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which were built using the dual approach.

In this paper, we develop a one-dimensional tracer
transport equation directly using the dual approach from
the classical three-dimensional tracer transport equation.

2. Building A One-dimensional Tracer
Transport Equation

In this study, we derive a one-dimensional tracer
transport equation directly from the classical three-
dimensional tracer transport equation using the dual
averaging approach. This method involves successive
integration of the full 3D equation along the river’s
cross-section (y-direction) and vertical (z-direction)
dimensions, capturing both local and global
hydrodynamic characteristics.

First, we apply dual averaging along the y-axis to
reduce the 3D equation to a two-dimensional vertical
tracer transport equation. Next, we perform a double
integration of this equation in the z-direction: (i) locally,
from the riverbed to an intermediate depth, and (ii)
globally, from the riverbed to the free surface.

In detail, we have the classical three-dimensional
tracer transport equation as follows [1-6]:

dc a(uc) a(ve) d(we) _ i{ a_c} i{
at ax dy az  ox (D+S’C)ax +ay D+

e} + {0+ T (1)

The variables in the equation are defined as follows:
X, y, z are the Cartesian coordinates; t represents time; u,
v, w denote the velocity components along the x, y, z
directions, respectively; D is the molecular diffusion
coefficient; C stands for the conservative scalar variable
related to tracer transport; and &, &, & are the turbulent
diffusion coefficients in the x, y and z directions.

Using the dual averaging method for Equation (1)
along the oy axis, the cross-sectional direction of the
river, we obtained the two-dimensional vertical tracer
transport equation [11] as follows:

1 2 ~ a 2 2

2 A (C — ¥} ol [ (4 — 1))
) 0

1 a T 2 2
+E'BZ§{UC' (Y2 - Y2}

(K)
__ 0 5
_ﬂlﬁSU(:a(YZ
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1 a TWwr 2 2 STV a 2 2
552'£{WC' (Y2 —Y2)} - 6163.WC£(Y2 )

%) W
1 2 Yy
=5-NY2 5 (D+€x)-a (Y =YP)

-Y3)+

0)
+

%.01.92 :_Z{(D + SZ)'Z_E}'(YZZ - le) (2)
P)

where:

c represents the average concentration across the river
width b = Y» - Y;; U, W denote the average velocity
components along the river in the x and z directions,
respectively; &,, &,are the turbulent diffusion
coefficient in the x and z directions, respectively; D is
the molecular diffusion coefficient of the tracer
concentration; a;j, By, 6, Vi, 6; are correction
coefficients. Their values are close to 1 when the values

CUCWC,a a

along the oy coordinate axis.

© are replaced with the average values
c,uc, WC

We continue to average Equation (2) in the Z
direction using the dual approach, which means that:
Integrating all terms of Equation (2) in the Z direction
twice (Fig.1): first, through the local integration from Z,
to Zu, and second, through the global integration from
Zp to Z,. For simplicity, we ignore all overbars on the

quantities in Equation (2).

Fig.1. Integration sketch in the Z direction using the
dual approach of the two-dimensional vertical tracer

The symbols in Fig.1 are as follows:

Z» 1s the elevation of the riverbed;

Zn is the elevation correspondent to any depth 4,
at this elevation, the concentration C,, is not
significantly;

Z, is the water surface elevation;

h is water depth.

Integrate the term (I) of Equation (2) for the first time:

Tl =3 ["2{C(VF - ¥2))dz = 55 [[™{C(VE - i)}z -
Zm d(dz

e -y 52 (3a)

TI = %‘1’1 %{Q(Yz Y7 )hr} -3 a2C1 (Y7 — Y7). aahtl (3b)

where: ay, a, are the correction coefficients, defined
similarly to those in equation (2), calculated as follows:

! 3 [Pmic (v - Y2))dz (3c)

{cl(vz —¥Z)he} 0t Zb

ahlf C(v7 —v2). %52 (3d)

N

1=13

az =
C1(vF Yz)

Calculate the 1ntegral of the term (I) of Equation (2) for
the second time:
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1
TZI = Eal
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where:

a3, a, are the correction coefficients, defined similarly
to those in equation (2), calculated as follows:

_ 2 9 (%2 vz _y2 . ;
asz = %{?(Yf—Yf)-(ZE—Zﬁ}af be Ci (Y7 —Y)hidhy; (31)
2 Ze — a(dh .
ay = 7 G =Y ( 1)- (39)

E(YZZ—YE).[%(ZSZ—Zg) Zp
On the other hand, we have:

I, = I, (3k)

Therefore:

T?I=1 -1, =6(111 —Iip) — L, =1 — 2l (3D
1 -

T2 = zalag.a{C(Yzz —Y2).(22 - 23} -

1 z

L@, (V7 = Y2). 2 (22 = Z}) (3m)

Calculate the 1ntegral of the term (J) of Equation (2) for
the first time:

T] = —ay, me c {at (Y7 - Yf)} dz = _051161126_1-%(1/22 -
Y23). hy (4a)
where:

a4, is the correction coefficient, defined similarly to
that in equation (2), calculated as follows:

a1 = —a;fzzbm C {% (Yzz - le)} dz (4b)

clﬂ(yzz—yf).h1
Calculate the integral of the term (J) of Equation (2) for
the second time:
Zs— @
T2] = —ay,a4, fzbs Croo (Y7 = Y1) hydz =
1 =2
_5a11a12a13c-5 (Y7 = YP).(ZF - Zp) (4¢)
where:
a43 is the correction coefficient, defined similarly to
that in equation (2), calculated as follows:

Uy == [ G (Y} = Y2).ydz  (4d)

E.%(Yf—yf).(zg—zg) Zp
Calculate the integral of the term (K) of Equation (2) for
the ﬁrst time:
TK = /32 f

_{UC (Y7 = Y?)}dz (52)

.32 E f UC. (Y7 = Y?)dz —
TK,
~Ba [ UC. (¥} — Y2) = (dz) (5b)
2 2 Zp . 2 1 dx
TK,
a —
= éﬁlﬁz E{Ulcl- (Yzz - le) hl} -
TK,
—_— F
%3233 UiCy. (YF = YP) I (hy) (5¢)

TK,
where:

B1, P are the correction coefficients, defined similarly
to those in equation (2) calculated as follows:

By = : mUC. (Y7 - Y2)dz (5d)

201007 Yf)h}f’x Zb
a
Bs = - LrUC.( —Y)(dz)  (5e)

U1C1.(YF le)a (h1)
Calculate the integral of the term (K) of Equation (2)
for the second tirne

T?K —‘,31.32 Zb ax{UlC1 (Y7 - Y12)-h1}dz_
T2K,
Zs—— F)
2 BoBs [7 ULCr (¥ = ¥2) 5= (hy)dz (59)

T2K,
Calculate the term 7°K;:

1 Zs 9
%K, = 5 B, f TG (72 = V). b}z
T2K1 = %31.82-6 f U1C1 (Yz Y12).h1dz -
T2K11
2 8(dz)
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T?K12
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T2Kq,
where:
Ba4, Bs are the correction coefficients, defined similarly
to those in equation (2), calculated as follows:

—_— 2 2 .
Ba = P Geed—vD) 72 -2D) “ox Iz, U1C1 (Y7 — Y£).hidz (51)

2
= UL C,. (Y7
Bs = T2 Y1)a 272 )be 1G1. (Y3

Calculate the term T 2K 2t
T2K, = =2 Bofs [, UsCr. s - V2) 2 (hy)dz =

=2 BaaBs UC. (¥} — ¥P). o= (22 — Z3) (5k)
where:

B¢ 1s the correction coefficient, defined similarly to
that in equation (2), calculated as follows:

Bo=——— UGy (¥ = Y2 3= (n)dz (51)

UC.(Y2 Yl)—(z2 -z})

— Y2 2 (5)

We notice:

T2K, = T?K,, (5m)
Therefore, we have:

T2K = T2K, — T?K, = (T?K,, — T?K,,) — T?K, =

T2K,, — 2T?K, (5n)
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T?K = %ﬁ1ﬁzﬁ4-%{ﬁ(yzz - le)- 2 - Zl%)} -
> B2Bse- UC. (Y} — Y2).- (22 — Z}) (50)
Calculate the integral of the term (L) of Equation (2)

for the first time:
Zm a
TL = —ﬁlﬁsf UC - (Y} — Y{)dz =

_[’)1[;351111(:1 (Yz Y2). hy (6a)
where:

6, 1is the correction coefficient, defined similarly to
that in equation (2), calculated as follows:

8= —5——— [[MUC = (¥} - YP)dz (6b)

UrCre(¥f—Y )y b
Calculate the integral of the term (L) of Equation (2)

for the second time:
T?L = _ﬁ13351f Ulcl F (Yz Y12)h dz =

_531335152110(22 Zb) (Yz 7). (6¢)
where:

&, 1is the correction coefficient, defined similarly to
that in equation (2), calculated as

2
6, = be U1C1a (

Uc.(z2-zp) a(1/2 -Y3)
For a one-dimensional problem, the velocity /¥ in the Z
direction is negligible, so:
T?M =T?N =0 (7
Calculate the integral of the term (O) of Equation (2)
for the first time:

TO = V1V2 fzb o {(D+ €x)- —} (Y7 -

V2 )dz =y {0 + ). 22 (2 - ¥ (8a)
where:

y3 is the correction coefficient, defined similarly to
that in equation (2), calculated as follows:

=3 = N CEIR AN
ax

(D+é&x): ax}(YZ -Y2).hq

—Y2)hdz  (6d)

Y2)dz
(8b)

Calculate the integral of the term (O) of Equation (2)
for the second time:

a
120 =2 yyyays [ 2 {0 + .22} (1 - ¥2)hydz (8)

YH). (28 — Z5)
(8d)

1 ] ac
T?0 = Z-V1VZV3V4£{(D + 5x)-a} . (Yzz -

where:
¥4 is the correction coefficient, defined similarly to
that in equation (2), calculated as follows

2
= _ +
& v op-vprzz-z) fzb ox {(
ac
e). 2 (V2 - Y2y dz (8¢)

Calculate the integral of the term (P) of Equation (2)
for the first time:

TP =2.0,.6, ;" s {(D + ). 5} (v -

1
le)dZ = E. 91. 92. (Y22 -

Zm
Y2).(D + ;). % . (9a)

Calculate the integral of the term (P) of Equation (2)
for the second time:

T2p =1.0..0,. [5(Y? - Y?).(D oc|m 1y =
=701 z-fzb(z —¥9).( +€Z).£Zb z=

_¥2).(D +¢). {‘;—C Z"}h (9b)

Therefore, the one-dimensional tracer transport
equation, obtained directly from the three-dimensional
tracer transport equation through the dual approach, is
rewritten as follows:

T?I+T?* +T?K+T?L+T?>M +T?N =T?0 +T?P
(10

1 1 — d
_al at {C(Yz Y12)-(Zs2 _Zg} _5“1C(Y22 - Y12) _(ZZ

1
E. 91. 92. (YZZ

2 1 = (72
—Zj) _Eana&zc-(z Zb) (Yz
—-Y2) +
1 0 — 2 2 2 2
Zﬁlﬁz&-a{UC(Yz —-Y)). (22 - Z})}

1 -
— 5625 UC. (¥

d
V). o (2 - 23)

1 T 2 2 g 2 2
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= Z-V1V2V3V4- (Y22 - Y12) (Zsz
7?2 g D+ oc +
5P+ ed-o-
Z
>.6,.0,.(Y? —Y2).(D + ez).{‘;—j m}.h (11a)
Zp

Writing Equation (11a) in a more concise form, we
obtain:

0 — — d
al.E{C(Yzz - Y12)- (Zsz - Zz%} - 2“16(}/22 - Y12)-_ (Zs?
2 = (72 6
—Zp) — 2a11a45C. (Z; Zb) (Yz
—¥+
0 —
BiBaba 5 {UCKF — Y1) (22 — ZD)} -
d
~ YD) (22 -2} -
T (72 2 a 2 2
2p1B36,6,UC. (Z5 — Zb)-a(Yz -
= Y1Y2V3Va- (Yzz - 1/12)_-(252
Z?2 g D+ oc +
b) ax ( SJC)' ax

ac|ém
20,.9,. (Y2 — Y2).(D + sz).{5| }.h
Zp

2B2B3Ps- UC. (V£

(11b)

Equation (11b) preserves critical physical
information typically lost in conventional (arithmetical)
averaging. The resulting one-dimensional equation is
mathematically more general and physically consistent
than the equation previously derived by combining dual-
approach-based two-dimensional horizontal and vertical
systems [11]. Moreover, Equation (11b) demonstrates
improved predictive accuracy under complex flow
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conditions where classical models often fail to capture
key hydrodynamic processes.
When Y>-Y; = b= Const and Z; — Z, = h = Const,
over time and space, then % (Z2-72) =0, %(YZ2 -

d d "
Y2~ 0, (22 = Zp) = 0, (Vf — V#) = 0,if

%] then the term:
0z Zb

~

Zm

ac’m
291.62.(Y22 _le).(D +EZ)'{_ }.h =0
Zp

0z
and if the coefficients (aj, 5, ¥, 6;, ¥) = I, this means
that when the water level and river width change
insignificantly and the change in tracer concentration in
the Z direction is also minimal, then from the equation
(11b), we obtain the one-dimensional tracer transport
equation as follows:

0 —
5 (00 —¥D).(Z2 - ZD)}

o —
+ a{UC(YZ2 - Y2). (2% - Z})}

= (F = ¥2). (22 - 2D+ {(D +£0.5-) (12)
It is evident that the one-dimensional tracer

transport Equation (12) is more general than Equation

(21)in[11].

In the case that (Y2 — Y2), (Z2 — Z%) do not change

significantly over time and space, that is: %{E(YZZ -

Y2). (22 -z} = (V2 — Y2). (22 - 23) 5- (C)
aa_x{m(yzz - Y12)- (Zsz - Zg)}

= (7~ Y2).(Z2 - 2) o (D)

Then equation (12) becomes the classic one-
dimensional tracer transport equation [2-6], as follows:

%{C_}+:—X{W}=%{(D+£x)g—i} (13)

3. Case Study

Comparing the numerical solution for the salinity
concentration of the 1D problem, established by the
dual methods above, with the classical method and
observed data:

To illustrate the generality of the solute transport
Equations (12) established by the dual approach in this
paper compared to Equations (21) in [11]. This study
examines the phenomenon of salinity intrusion in the
Huong River system during the dry season [3].

The Huong River system consists of two branches,
Ta-Trach and Huu-Trach, which confluence at Nga-Ba-
Tuan, located upstream in the Huong River system.
Channels water that subsequently flows through the

mainstream of the Huong River towards the Thao-Long
barrage at downstream [3] as illustrated in Fig.2.

Thao Long barrage, Z(t), C(t)
@

Nga Ba Sinh <=—
—=layY

—=> Cau Ga gate
—>= Water supply

‘ham Bieu cannal

Nga Ba Tuan

(COnﬂ7

Binh Dieu, Q(t)

Khe Lu reservoir

Duong Hoa, Q(t), C(t

Fig.2. A simplified sketch of the Huong River
system [3]

Boundary conditions:

Boundary conditions at upstream: the flow rate is given
as QBinhDieu + QDLm'ngHoa + QKL = (098 + QKL) m3 S-I;
Boundary condition at downstream: the tidal water
level at the Thao-Long barrage corresponding to a
frequency of tidal water level of P = 25%, see Fig.3.

To estimate the optimal size of Khe-Lu reservoir for
repelling salinity in the Huong River system, all
incremental discharges from the reservoir are
considered as outlined in the presented document [3].

Calculated time step At=15 minute
0.00 ‘

n By 76 100
.10 -
0.20 -

£0.30 -

vel (m)

040

ater

£ 0.50 -

W

.60 -

.70 +

.80 -

Fig.3. Water level boundary condition at
downstream of the Huong River system
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2.5

—_ —_ [\
() ()] ()
! ! !

Salinity concentration S%,

=
@)}
]

=i—Field data of salanity concentration

=& Salinity concentration by classic solute transport
equation

== Salinity concentration by dual approach solute
transport equation (21) in [3]

=O==Salinity concentration by dual approach solute
transport equation (12) in this paper

T T T T
N O O <
N oon <+ <+

Calculated time step (At =15

Fig.4. Salinity at La-Y in a tidal period corresponding with the Khe-Lu discharge Qx;. = 10.00 m*

Algorithms and Program:

We apply the finite difference method using the four-
point Preissmann scheme, with the weight 8 = 0.66, to
solve the 1D Saint - Venant equations system [3,5,20].
Then solve the solute transport (equations 12 and 13) in
this paper using fractional steps, separating the transport
and the diffusion processes. The transport equation is
addressed using the characteristic method, while the
diffusion equation is solved using a weighted finite
difference scheme as described [3,20]. The salinity
levels at La-Y, calculated for a Khe-Lu discharge of Q¢
=10.00 m® s, are presented in Fig.4.

4. Conclusion & Future Work

In this paper, the one-dimensional tracer transport
equation in river flow (11b) is established using the dual
approach by directly averaging the three-dimensional
tracer transport equation across the width and depth of
the river, preserving critical physical information
typically lost in conventional (arithmetical) averaging.
The resulting equation is mathematically more general
and physically consistent than the equation previously
derived by combining dual-approach-based two-
dimensional horizontal and vertical systems.

Equation (11b) for river flow enhances predictive
accuracy in environmental assessments, water quality
modeling, and tracer experiments, particularly in
complex flow conditions where classical models may
fail to capture essential hydrodynamics.

Future research should focus on applying the

proposed equation in real-case simulations and
validating it across a broader range of river geometries
and flow regimes.
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