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Abstract: Congestion into the traffic flow model is the main factor that affects the free flow of traffic due to
the increasing number of vehicles on a daily basis, which is the main drawback of developed countries. There are
many disadvantages of the congestion like the increase in accidents, time consumption, air pollution, and many
others. The intelligent transportation system depends upon the well prediction of random traffic. As the average
flow of traffic is failing due to increasing vehicles. To overcome the disadvantages of a transportation system, an
algorithm is proposed to forecast the future state of traffic flow. The proposed method can be used to predict the
traffic flow of any section of congested road to predict the traffic. A section of road is considered for real-time
traffic data for a week from 7:00 to 19:00 with one hour of time interval. Shiparo-Wilk test with 95% confidence
level is applied for the normality of the data which fails to be a normal. Then various statistical tests for the
distribution are applied using the MATLAB distribution fit tool box, and different distributions like normal,
lognormal, Weibull, exponential, and gamma distributions are applied for the best fit over the collected data, and a
lognormal distribution with less standard error is the best fitted distribution over the collected data. For stochastic
traffic flows, a forcing function with incorporation of initial density and flow using Brownian motion is studied for
the proposed model, and a lognormal distribution is replaced by Brownian motion, which shows randomness in to
the model. Godunov’s numerical method was used for the proposed model with discontinuity and was incorporated
using the Riemann problem solver, and the algorithm with randomness followed the collected data, which showed
that the model had good predicted performance.

Keywords: Macroscopic Lighthill, Whitham and Richards (LWR) model, randomness, Shiparo-Wilk test,
distributions, Godunov’s method
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1. Introduction

Traffic congestion in urban areas faces many
challenges, and a traffic flow model that accurately
predicts traffic conditions may be useful in responding
to these challenges. The deterministic model is used to
capture traffic flow conditions; however, there are
many stochastic factors like irregular driver behavior,
weather conditions, road conditions, and special events.
In a congested situation of traffic, a huge number of
negative effects may occurs like accidents, delays in
traffic, waste of time, increased travel time, reduced
efficiency of the traffic system, and environmental
effects like increase in fuel consumption, greenhouse
gas emissions, air pollution, noise, and many others on
the traffic and surrounding environment. Congestion
over the road in traffic flow is due to the maximum
increase in the number of vehicles on the road that pass
a specific expanse per unit time.

During the external effects on traffic, it is difficult
to predict the deterministic model for the traffic flow.
To predict traffic flows, an algorithm was developed
for a stochastic traffic flow model.

Deterministic model:

o Initial circumstances were wused to
investigate the model output and parameter values.

e For well-defined linear models, a single output is
generated for a single input, whereas for nonlinear
models, several outputs are available.

e Different numerical methods like finite difference
method (FDM) and finite Element method (FEM)
are used to solve the differential equation.

e Model can be described at different levels of
temporal variation like steady state, unsteady state,
and dynamic

Stochastic model:

e It has inherent randomness; thus, distinct results
with the same initial values that represent the
randomness

e Because behavioral characteristics fluctuate, the
stochastic model accounts for uncertainties.

e  Arandom number is generated in the simulation of
a stochastic model to execute trials. This type of
simulation is called a Monte Carlo simulation.

e Stochastic model to estimate the probability
distribution.

e A random component of a distribution is an input
used by a stochastic model, and its result is another
distribution.

The main source of variation in the model result
was the variation in the input variables. When the
variation is negligible or non-existent, there is no need
to apply stochastic, deterministic approaches to
describe the traffic flow. The common factors that play
an important role in a stochastic traffic flow model are
headway, spacing, and velocity; thus, it is significant to
study the stochastic characteristics in traffic evolution.
[1] According to [2], the overall traffic flow can be
divided into three categories. Microscopic, mesoscopic,
and macroscopic traffic flow model. Microscopic
models are the study of driver’s action and the
communication between individual automobiles at a
very great level of point. The method is used for each
vehicle using driver behavior, car following, and the
choice of path for a vehicle by deriver decision. [3].
Macroscopic models are the most used and powerful
type of traffic flow model, and they describe traffic
evolution on the basis of average traffic flow. The
model focuses on the main variables, such as the flow
of vehicles (vehicles/hr.), density (vehicles/km), and
speed (km/hr.) of vehicles. Mesoscopic models
combine the microscopic and macroscopic models and
are also called hybrid models. The three main
mesoscopic models are the headway distribution,
cluster, and gas Kkinetic continuum models. The
Lighthill, Whitham and Richards (LWR) model is a
traditional macroscopic model proposed by Lighthill
and Whitham and Richards. An LWR-based
macroscopic model was described in [4]. An alternative
explanation of the evolution of traffic flow is provided
by focusing on the transmitting and receiving functions
in each cell and lane. The macroscopic model is widely
used to obtain average traffic flows [5]. The LWR
model is used to describe the basic structure/model of
many macroscopic traffic flow models, including the
PW model (Payne [6]; Whitlam, [7], and Zhang’s [8])
model. Normally, in all macroscopic traffic flow
network models, there are three main parameters used
to define the traffic network, and the same are
parameters can be used for stochastic traffic flow
modeling by considering the randomness in
parameters:

*  Flux denotes the flow of traffic g (vehicles/hr.),

*  Density p (vehicles/km)

»  Average speed vs (km/hr.).

The fundamental flow relationships between these
parameters are defined by the following equation:

gq=pv (1)



The conservative law in a macroscopic traffic flow
model without any ramping gradient can be defined as,
which is also called the equilibrium LWR model:

0 0
F P+ QX H=0 (2

Hence, the LWR model is a first-order partial-
differential equation for equilibrium flow. In addition,
there is another traffic flow model as second order
based on fluid dynamics proposed for enhancing the
LWR model [6]. Therefore, for the LWR model, the
stochastic model can be discussed by adding a
stochastic forcing function in equation that incorporates
all the effects that are applied to (x,t). Nowadays,
traffic flow requires a probabilistic model to predict the
traffic flow situation. This probabilistic traffic flow can
be optimized using a “free-flow” model in which traffic
with no discontinuity by any characteristics by traffic
flow parameters like road traffic lights, stop signs,
bifurcation or traffic jamming, and driver speed [7]:

\% =Vmin( _Lj (3)
Prmax

The actual flow with low density of traffic was
reported in [8], where real traffic flow data collected
from several highways and the time breaks between
vehicles on the highway were characterized by a
Gaussian-exponential mixture model. As a result, the
probability density function PDF for the time interval
time, similarly, the wvehicular arrival time with
maximum density profile is commonly modeled as a
Poisson process, hence to estimate the average number
of vehicles inside the segment SD Little’s formula [9]
is used. The whole scenario of the traffic flow was
divided into three different ways [10], the data on
traffic flow should be nonnegative and can be found
proper probability distribution, secondly the complex
stochastic property of the traffic flow leads the non-
stationary variance, and at last, the multistep-ahead
prediction of the traffic flow often has poor
performance. For this purpose, a gamma distribution-
based time-series model is used. The model to predict
the probability distribution function of the traffic flow
in real time and same Gamma distribution present the
stochastic properties of non-negative-valued traffic
flow. The property of path was eliminated in [11]
following model restriction using the LOGIT model.
the stochastic interpretation of  experimental
information for vehicles on road was represented in
[12] using equilibrium and non-equilibrium condition
and results to revise the classical kinetic models.
According to [13], the analysis of traffic characteristics
implements vehicular flow inside a road segment using
a proper traffic flow model and describes the feasibility
of running a certain class of application vehicular flow
for both light and high wvehicular flow using the
different factors of traffic flow like the number of
vehicle and time present vehicles in a region and
present the two type of model, which are the free-flow
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model and queuing-up model. The numerical solution
algorithm for reliability-based stochastic traffic model
was described in [14] using day-to-day demand in
traffic model based on stochastic travel time using
demand variation, also considered the traveler’s
perception error on travel time and solved the model.
For stochastic travel demand, travel time is considered
as a random variable. A microscopic stochastic traffic
flow model was proposed in [15], a Markov chain with
an interaction law was developed, and a stochastic
process was proposed to consider spic-flip and spin-
exchange traffic flows for entering and leaving the
vehicle and interacting. The model was simulated by
kinetic Monte Carlo simulation and examined for
extreme and typical traffic flow scenario and predict
traffic for freeway traffic geometry. According to [16],
flow-density relationship may be affected by stochastic
variation in driving behavior and both the hysteresis
transition and wide scattering can be developed by
multiclass first-order model using stochastic setting in
parameters of the model, using simulation over the real
data collected on freeway and consistent the proposed
model using some numerical experiments and
described the proposed model is more reliable as
compared to the fundament LWR model. The
stochastic traffic model was simulated in [17] to
estimate the capacity of road using macroscopic traffic
flow model, the model has the capacity to estimate the
covariance in the distribution of traffic flow, the
capacities are classified in summer and winter seasons
by collecting traffic data using video camera, also
examine the traffic flow travel time. The stochastic
traffic flow model was described in [18] and a
stochastic partial differential equation was considered
to describe the behavior of real traffic on highways
using the simulation for the real traffic flow and the
model has the better capability to predict the traffic
behavior and can be better improved using ramps and
changing the number of lanes. The total number of
vehicles that pass from position x in time t can be
represented by Poisson integration. A stochastic traffic
flow model was represented in [19] for VANETS with
a signalized urban road. The model was composed
using a fluid model and stochastic model and computed
the traffic density randomly to check the random
behavior of vehicles. A stochastic traffic flow for
highways was proposed in [20] by combining cellular
automata and microscopic traffic flow models, with
computational efficiency for both models by
considering continuing in space. The proposed model
can be used to develop traffic flow scenarios with
heterogeneity effects in traffic steam. A macroscopic
stochastic traffic flow model was presented in [21] with
an offline regulation algorithm and developed the
Godunov numerical algorithm for the stochastic
prediction of traffic flow based on the model and
showed that the model has better prediction accuracy of
traffic flow. A new stochastic model was developed in
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[22] by extending the Godunov scheme based on a
queuing theoretical approach by adding a noise
deterministic traffic flow model by considering
probabilistic car vehicle inter-crossing times, and the
result showed the non-negativity of traffic variables
(densities). A traffic flow model was proposed in [23]
to capture the stochastic nature of route traffic flow
using the conditional probability distribution and
considered the equilibrium traffic flow and estimate
characteristic such as mean and variances of route
traffic flow from the simulation of the model; the
model was highly flexible for computational process.
The main aspect of the stochastic traffic model was
described in [24] for vehicles over the road section, and
it was defined on continuous time on a distinct space
using a Markov process for the Mesoscopic traffic flow
model. The novel, flexible, and robust traffic flow
cellular model was developed in [25], considering two
important keys for the drivers’ behavior and expecting
that vehicles were in front of them. In addition, to
understand how a specific vehicle gets around, the
stochastic technique was considered using the
probability density function of the beta distribution to
mode the deriver behavior. This model was used to
calculate the desire velocity of a vehicle. The stochastic
parameters that are driven from realistic driver
behavior were used in [26], which implemented on a
discrete fine-grained agent-based model and combined
into a deterministic Aw-Rascle system of equations and
applied first-order and second-order traffic model,
using second order Lax-Wendroff scheme. The model
was presented in [27] to incorporate the interaction and
stochastic behavior unique to each vehicle in traffic
flow simulation. In a platoon-based Lagrangian
coordinate system, a first-order macroscopic model
with stochastic advection, showed how vehicle
characteristics influenced surrounding vehicles and
how local vehicles adjusted at a critical density. the
congested situation of traffic flow in urban areas was
reduced in [28] by considering the stochasticity of
microscopic traffic models and deterministic models by
limiting the road length and dividing the section into
crossing sections. The model was optimized using a
receding—horizon scheme, and the model was capable
of understanding and oversaturated traffic conditions.
According to [29], the speed and density of a couple of
vehicles for real traffic data were predicted using an
unscented Kalman filter. The model was 20% more
improved in terms of predicting the traffic speed and
density than the deterministic model. The proposed
method also attempted to predict the jam density of
traffic in the situation of stop-and —go traffic. The data-
driven stochastic car-following model was developed
in [30] using a database car-following model, and the
acceleration of the wvehicle was considered directly
from the data. In most cases, the acceleration value is
distributed according to the Laplace distribution, and
missing data can be obtained directly using

interpolation. In addition, using this model, the data
obtained are the same as in reality. The model is used
to predict the next position of a vehicle at a time, and
vehicle acceleration is also founded. An alternative
stochastic traffic flow model was developed in [31] for
the fundamental diagram of traffic flow using a
minimum number of vehicle parameters using a
mesoscopic traffic flow model. This model was not
only used for the fundamental diagram of traffic flow
parameters but also for the uncertainty and variance of
fundamental diagram. The stochastic model was
presented in [32] using Lagrangian coordinates to
predict the traffic flow. The drivers can vary free flow
speed and minimum distance between cars. Another
model was presented in [33] to predict the behavior of
vehicles effected while automated vehicles using
sensor, and it also described the effect of lane changing
prediction by combining deterministic and probabilistic
forms. The effects of lane changing is simulated using
MATLAB. The model is guaranteed for safe lane-
changing behavior. The stochastic features in urban
traffic flow were described in [34] using the stochastic
connection flow model for signalized traffic flow
network with reservations with four link state mode
and probability of each link was found based on
stochastic link state by considering the data from
microscopic traffic flow model simulator; the model
had good estimation on the ink state uncertainties with
the signalized traffic flow model. A methodology to
simulate the fundamental diagram as a stochastic traffic
flow model which applied to real traffic flow model to
capture the relation between the flow density of the
stochastic traffic flow model was described in [35]
using the collected data and statistical analysis shows
overall quality of distribution fitted stochastic process
is acceptable. A stochastic traffic flow model was
presented in [36] in terms of Lagrangian coordinates to
consider the variability in driving behavior, which is
recorded by driver-specific speed-spacing relationships
or parameter uncertainty. It resulted in trajectories of
both real-traffic flow dynamics and oscillations in the
path of stochastic traffic flow models. The proposed
method is suitable for real-time applications that use
recursive data. A novel model was used in [37]-[38] to
describe the stochasticity over the macroscopic traffic
flow using the stochastic speed-density relation. The
impact of stochasticity on traffic flow was investigated
for upstream and downstream bottlenecks. The model
showed that experimental spatiotemporal patterns
could be produced using macroscopic model using
stochasticity speed-density relation. A stochastic traffic
flow model for mixed traffic flows was described in
[17] using Lagrangian coordinates; it accounted for the
varied behaviors of human drivers in conjunction with
automated and human-driven vehicles. Also, the first-
and second-order approximations of a stochastic model
were created that described the mean and covariance
dynamics, respectively, for various configurations of



randomly driven human and automated vehicles in a
traffic stream. The proposed model can be used to
investigate the interaction between human and
automated driving. The stochastic Lighthill-Whitham
Richards model was developed in [39] by considering
the heterogeneity and solved using Lagrangian
coordinates. The model was used to investigate the
effect of driver heterogeneity on the macroscopic
relation of traffic flow parameters both analytically and
in simulation and to investigate that the static and
dynamic macroscopic traffic flow characteristic like
speed and flow rate at the bottleneck, are consistent
with a deterministic model and the jam density, which
is the harmonic mean of distribution. Also, the relation
between automation vehicles and dispersion vehicles
flow rate was discussed to maximize vehicle at the
bottleneck by reducing the capacity drop effect. Based
on the literature review, most researchers use a
microscopic traffic model, while we proposed to use a
macroscopic model to show the actual randomness in
the model. For the randomness in congested and
random situations, the prediction of traffic flow is not
an easy task due to stochastic factors and discontinuity
in traffic, like continuously increasing road vehicles,
congestion of roads, weather conditions, and road
changes. Conservation of traffic flow under
macroscopic traffic conditions does not incorporate
stochastic factors. The main aim of this study is to
develop an algorithm that incorporates stochastic
factors with randomness in traffic flow using the online
calibration of traffic data to predict the future state of
traffic flow over a road section.

2. Model Formulation

Let us consider a homogeneous road section with
length L, where the flow at the boundaries of the road
section is the deterministic LWR model:

op(x,t) N Qxt) _ 0
ot OX
WithQ(x,t) = p(X, t)v(x,t).
The stochastic model captures the
variations/changes in the traffic flow parameters. In a

stochastic model, the density and velocity can be
defined as the partial derivative of the expected number

p.(X,t)= Ep(x,t) and
OX

(4)

of vehicles.

v, (x,t) = %v(x,t) , where

£.(%1) = p(x,0)+AxQ(x,t) +W (x,1) (5)
With Q(x,1t) is the deterministic flow p(x,0) is the

initial density, and W(x, t) is the Brownian motion that
captures the stochastic behavior of the model; hence,
the LWR model becomes with source term,

%P 1 90(p) =
& 5 Q) =ule.xt) 6
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where u(p,, X,t) = p(x,0) + AXQ(X,t) +W (X, 1) .
For the solution of the stochastic partial differential
equation (SPDE), the value of u(p,,X,t) must be

known over(x,t). Where p(x,0) and Q(x,t)
p(x,0) and Q(x,t) are the initial density at t = 0 and
flow, respectively. W (X,t) is the Brownian motion,

which captures randomness in traffic flow with
distribution over the collected data. The proposed
model equation with the stochastic partial difference
equation (SPDE) is

op O

“Z 4+ = Q(p) = p(x,0)+ AxQ(x, 1) +W (x,t) (7)
ot ox

3. Methodology:
3.1. Area Selection and Data Collection

For the collection of data with congestion, which is
affected by the stochastic factor, a section of road is
selected figure 1, which consists of the inflow and
outflow of traffic vehicles. The total number of paths
with inflow and outflow is 18. The inflow with ramp in
and out is neglected as the inflow or outflow at the path
location. The data is collected manually for all paths
for a week August 23-29 from 7:00 to 19:00 and data is
divided in to one-hour intervals. The complete
methodology is defined as follows: Deterministic
macroscopic LWR model is considered to model the
Stochastic model, A homogeneous section of road with
congestion is considered for the collection random data
for the model, Data Collection and analysis of collected
vehicle flow, Normality test for collected data, and
fitting a suitable probability distribution over the
Collected data for stochasticity. To consider the
Godunov numerical scheme, we developed an efficient
algorithm using MATLAB to predict the traffic flow
for the model solution.

s = o

o e LW
Fig. 1 Sattelite view of the section of road, August 23, 2023
(developed by the authors)
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4. Model solution

After collecting the traffic flow data over all paths,
the data is statistically analysis as mean, standard
deviation, skewness, range, week wise and day wise to
analyze all paths with an amount of traffic at the
considered time intervals. Then, all data over all paths
were tested to determine the normality of the collected
data. The Shiparo-Wilk test is used to varify the
normality of the collected data; thus, the test fails for
the normality of the traffic data for all paths (Table 1).
Then, to incorporate the stochastic behavior of the

traffic flow, the normal probability distribution,
exponential probability  distribution,  Weibull
probability  distribution,  lognormal  probability

distribution, and gamma probability distribution were
applied using the MATLAB distribution tool box with
95% confidence interval, and it was found that all data
on all paths of the stochastic behavior of the traffic data
is Lognormal. Also, the standard error is less as the
standard error of the other distribution, Fig. 2 shows
the lognormal distribution with standard error for path
S1.

Table 1 P-values for Shiparo-Wilk test (developed by the authors)

Paths p-value
S1 0.002123
S2 0.0001275
S3 0.005329
S4 0.01141
S5 0.03559
S6 0.003883
S7_in 0.01542

S7_out 0.0001254
S8 0.00838
S9 0.0126

S10_in 0.005835

S10_out 0.000364

S11 in 1.317e-7

S11 out 0.002022

S12_in 4.463e-7

S12_out 0.006629
S13 0.007408
S14 0.04417

400 450 50 50 €00

ed on path-S1

Error Analysis in Distri

005F &

: 124681
z s 142837
2, o 127468
2 0 ’
o z I | I
o o040 10233
we 0 —
Nomal Exponenisl Weibul Lognermal - Gamn
it

150 200 250 300 B0 400 450 500 550 600
Data

Fig. 2 Distribution fit for the data on path S1 (developed by
authors)

Similarly, the other basic parameters like critical
density, velocity profile, and minimum density over all
the paths, which shall be incorporated into the
proposed model to solve the LWR model, are set using
the collected data over all the paths and are shown in
Fig. 3; and Fig. 4 shows the Brownian motion profile.

Crtica density Prof on il Pahts Maximum velocity prole on all paths
500
W “
& a0 5 15
== 100|
o 2 4 3 8 10 2 i 16 18 2 ] 2 4 3 8 10 2 1 16 18 2
Paths Pt

Fig. 3 Density and velocity profiles (developed by the authors)
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02F ~
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o L L ' L '
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vehicles on S1

Fig. 4 Brownian motion profiles (developed by the authors)

Due to the nonlinearity of the traffic flow behavior,
the traffic flow can be modeled as a stochastic partial



differential equation. Due to the nonlinearity into
traffic, the flux function is nonlinear and has no partial
derivative exts but can be modeled as an integral
equation and shows a unique solution. These types of
solutions generate shock waves under discontinuous
conditions. In result, if the vehicle flow increases, then
the speed decreases and congestioni is created, which
also generates shocks in physical form, and the flow of
vehicles is in discontinuous form. Hence, due to this
discontinuity, the partial differential equation can be
rewritten as a stochastic partial differential equation.
The direct solution of these types of stochastic partial
differential equations does not exist because they are
discontinuous. Godunov’s scheme is a numerical
scheme to approximate the solution under these
discontinuous conditions. The model stochastic partial-
differential equation with the forcing function can be
defined as

% .
—+— u(o,,x,t) (8
o Q(p) (pe, x1) (8)

is the partial differential equation as the

conservation equation with the forcing term, where
u(p,, x,t) is the forcing term, Q(p)as the flux
function, and is the nonlinear function. Thus, if the
forcing function is zerou(p,,x,t)=0, then the

stochastic partial differential equation can be converted
into a homogeneous partial differential equation; for
the non-zero forcing function, the stochastic partial
differential equation is a nonhomogeneous partial
differential equation.

ap 0
p XQ() 0 (9

Simple finite-difference methods are not capable of
finding the solution of the partial-differential equation
due to the nonlinear flux function. Hence the
Godunov’s scheme is the most powerful method to find
the approximate solution of the partial differential
equation due to discontinuity for both homogeneous
and nonhomogeneous partial differential equations. In
the stochastic partial differential equation, the density
is considered a piecewise constant, and its exact
solution can be calculated using the Riemann problem
at the boundaries.

Let us consider the LWR model and the solution of
the LWR model equation can be found using the two
methods, one using fundamental relation and other one
traffic characteristics at an initial time referred as initial

data on density and is written as p(x,0) = p,(x) is the
function of x.
Let the p(x,0) = p,(X) is continuous function of x,

then the free-density flow relation is given
by Q(x,t) = pv, v>0, then the LWR conservation
equation implies

ap R _,

ot 0
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_ op(x9  9p(xt)
ot 0
is the linear advection equation, which is well-posed
and obtains the

P, 1) = py(x—vt) (11)
Hence, the initial density remains the same and the
space shifts at speed v over time.
Let the densities (x,,t,) lie at the origin, then the

(10)

corresponding characteristic equation is X, = X, —Vt;,

then the slope of the characteristic lines are1/v due to
the orientation of the axes. Similarly, let the Q(o(X,1))

is the flow density relation, then conservation equation
can be defined as

a’)(x Y, Qo t) 2XY
dQ
d

ap (X Y_0 a2

WhereQ'= , then the slope of characteristic

lines represents 1/ Q'(o(x,1)).

The position at which the characteristic lines of the
conservation equation intersect is to consider the more
densities at one point that creates the decrease into the
velocities is called the shock waves, and the point of
intersection is called the discontinuous point. Let X(t)

is the discontinuous point at time t and [x, X,] is the

section of road containingX(t), the conservation
equation is
X(t)— d X,
— X, t)dx +— X, t)dx
& | p(x.1) dtxaij( )
=Q(p(x, 1) —Q(p(x,,1)
Where X (t) — and X(t) + are the left and right side
of the X(t)
By applying the Leibniz rule to the left side, the

above equation can be rewritten as
X(t)-

p(i(t)—,t)%i(t)+ | %p(x,t)dx—

X

(13)

X5

p(Y(t)+,t)%7(t)+ j %p(x,t)dX: (14)

X(t)+

Q(p(xlit)_Q(p(XZJt)
Since p(X,t) is differential able away from the
discontinuous point the integral is zero; thus,

,O(Y(t)—,t) X(t) PX(t)+, t) X(t)

= Q(,O(Y(t)—, ) -Q(p(X(t)+, t)

(15)

_ - QeEO-9-0x0+Y o
dt p(X(t)—1) - p(X(t)+.1)
is the shock wave that forms the queue for vehicles
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(congestion), and is considered the flow before (left
side) and after (right side) the discontinuity point, and

are shown as p, and p, for left and right side flows
from the discontinuity point, respectively. There are

two cases for the flow at discontinuity point
(discontinuous initial data) as

1) p.<ps 1) p_ > ps shown in Fig. 5 and is
referred to as the Riemann problem.

Pr> Py
pl<pR
| Pr

Pr

P

Pr

[frequency, p, and p,

IR i R

4m
Density (vehicles)

Fig. 5 Differentiating the left and right density (developed by the
authors)

g
100 20

=0 =t

In the case of discontinuous initial flow, let
Q(p(X(t)—,1) =Q(p.), Qlo(X(t)+,1) =Q(pg)
then

dt PL~ PR
Where S is the shock-wave speed constant, which is
called the Rankine—Hugoniot (R-H) jump condition. As
S is a constant, the same can be rewritten and

integrated as follows:
%Y(t):s — X(t)=St =S :@

For the solution of Riemann problem with the initial
data can be found using Lax-Entropy condition [27]:

) pL<pr

i KO Qe)-0)
(X 1) = _t PL~Pr

De s if X(t) > Q(pL)_Q(pR)

" t PL~ Pr

i o> Py

P if @ <Q'(p.)
P =1 Q% it Qo) <XV <)

Pr s if @ > Q'(p)

Therefore, the value of p(x,t) shall be corporate

into the Godunov’s scheme. The flow using Godunov’s
scheme is then defined as

Q(pL,pR)=pn3§<Xp Q(p), if p.>pg

QoL pr)= min Q(p), if p < py
PL<P<PRr

Therefore, by considering the Riemann solver, the
left and right densities, and by function incorporating
the SPDE, the approximation solution can be obtained
using the Godunov’s numerical scheme. Godunov’s
method is a conservative numerical technique for
solving partial differential equations. The conservative
variables are to be considered piecewise constants over
each cell, and each step and time is evaluated based on
the precise Riemann Problem solution at the
intercellular borders. The Godunov’s method is used
for both homogeneous and non-homogeneous
conservation laws by discretizing the space region
[0,L], where L is the length of the road divided into N

cells as Xy, X, X,,..., Xy_4, Xy With length of cells
AX; = X, —X_and the time domain into an M time

interval.
The model equation with forcing factor as

u(p,, X,t) = p(x,0) + AXQ(x,t) + W (x,t) is

a—'0+@:,o(x,0)+AxQ(x,t)+W(x,t) (16)
ot ox
where W(x,t) is the Brownian motion stochastic
term. Using the central difference technique, the model
discretization is

(X t+At) — p(x,t) N Q(x+Ax,t)-Q(x,t)
At 2AX -

p(X,0)+AxQ(x,t) +W (x,1)

After simplification,

(X t+At) = p(x,t)+

p(X,0)+AxQ(x,t) +W (X, 1) —

17)
AX| Q(x + Ax,t) —Q(x,t)
2AX
Using the Godunov numerical scheme equation (3),
we obtain
op 0Q
—+—=U(p,, Xt
7t ox (per %:1)
1 j+£ Q(ples) —Q(poles) + (18)
| X u(pii’xi’tj)AXi

Where flow Q is Q(p(x,t)) =vpo(v(x,t)) can be
calculated using the Greenburg model

v(p)=v, (1— P (X’t)]

jam

Hence the following algorithms for homogeneous
and non-homogeneous stochastic partial differential
equations using the Godunov’s method can be adopted

i

A
AX:

i+ _

pl pij +

Q

0 14(Q),—Ql,,)+W i) -
(pu (Qly, —Qlu) ) 20X

)



to approximate the solution. An algorithm for the
Godunov’s scheme using the Riemann problem solver.
To incorporate the forcing function into conservation
law, the system can Dbe represented as a
nonhomogeneous conservation law. The initial density
can be represent asp(x,0)att=0, the forcing

function is given by
u(p,, X,t) = p(x,0) + AXQ(X,t) +W (X, t)
with AX as length of road, which is approximately 4
km and Q(x,t) = pv,

Yo,
wherev(p(x,1)) =V, (1-—), p,, =max(p(x,1)),
jam
and W(x,t)is the Brownian motion, which is
considered by the model fit distribution, which is a
lognormal distribution; hence, Brownian motion can be
incorporated as a lognormal distribution because the
data are fitted by lognormal. Hence, Algorithm 2 below
represents Godunov’s method for non-homogeneous
conservation law by incorporating the forcing function.

4.1. Algorithm. Godunov’s Method for Non-
Homogeneous Partial Differential Equation

J
Stepl. Start. Let density Pi" show the mean density
across cell i at that moment tj . When j = 0, the initial

density for p’ is

pl = | p(x,00dx Vi=12=3,..,N
X
Step 2. Godunov’s Decomposition: by neglecting
the source term, let’s consider p'"and p!“mean
value of density p in the left and right boundaries from

a discontinuous or jumping point.
Hence
i

i_p+p”

P = 5
Q(pi“) - Q(pij’_)
AX;

=u(p!,x.t;)

Step 3. Riemann Solver. Let p!,, and p! ,
denotes the average value of the density p over the
time interval [t;,t; ;] at the left and right boundaries

of cell i, respectively. The value of p),, and pl,, is
obtained using the Riemann problem equation.

Step 4. In accordance with step 2, the specified
boundary density is updated. The speed-density relation
function is used to find the central traffic flow. The
density is updated in subsequent time intervals in
accordance with conservation law. Additionally,
averaged over each cell in the subsequent time interval,
the state variable becomes a piecewise constant.
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Approximation. After the update, j= j+1land again

move to step2. The updated density is then added to
step 2.

5. Results and Discussion

There is different density under consideration by
choosing left and right density, that is, the left density
is greater than the right density, so the approximate
solution refers to same as left to right and vice versa. In
the approximate solution, the initial function is to be
considered.

—0X

,065 =(p, —PR)mJﬁDR

Where delta is the increasing value. Using different
delta values, the exact solution may reach the density
considered for the Riemann problem, so for the
different values of density for left and right density, a
MATLAB code is developed by for the density for left
and right density, so by considering the delta values,
the approximate solution approaches the exact solution.
For solutions with delta, see Fig. 6.

Exact vs Approximate Denstity Profile with delta =60
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X

Exact vs Approximate Denstity Profile with delta =80
T T T T T

|

] O ........ vvvvvvvv R ST

116

T
Exact solution
— — = Approximate solution

.| S,

AL and R




Jatoi et al. Stochastic Traffic Flow Algorithm Based on a Macroscopic LWR Model for Real-Time Traffic Prediction,

341 Vol. 51 No. 6 June 2024
Exact vs Approximate Denstity Profile with delta =110 Traffic Density Simulation
16 . T T - : " ; 700 . : . - . .
: : ) I Exact solution —&— Original Result
14} ,,,,,,,,,,,, .—-—;:Qppmxir.nale Snvl"“i""' 600+ —&— Normal Randomness H
112z 1
& 110F----
& 108} 3 !
106F - <
104F - 7
pl—i i : e |
-1 08 06 04 02 0 02 04 0B 08 1
* 90
Exact vs Approximate Denstity Profile with delta =464
e : : : I'Exaci slolu!inn : oo Traffic Density Simulation
114F--- ..... | '———Approxir.’nate so.lution \‘ I I I ' I —G—IOrigin;I ResultI
] : : : i : 900 - —&— Randomness Weibull
112 bess e -
a‘r 11U E— |
:z’ 108} %“ |
a
105 S 7
104 |
102 . | | . . 1 L i &
-1 08 06 04 -02 o 02 04 06 08 1
* %0
Fig. 6 Exact vs. approximate density profile (developed by the
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Riemann solver, whereas for the multiply the greater 1500} 1
density, hence by increasing the delta value moves to sl |
the exact solution of the Riemann solver. The proposed
model (Fig. 7) solution with randomness uses normal, =it 1
lognormal, Weibull, exponential, and gamma 05 %
distributions with Brownian motion as the lognormal
distribution. Fig. 7 Time vs. Density with different randomness (developed by
NN the authors)
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Fig. 8 Randomness/stochastic behavior (developed by the authors)

Fig. 7 shows the solution of the proposed model
with different randomness for considering the
stochastic behavior of the vehicles flow over path S1,
the blue line shows the real data collected over path S1,
and the red line describes the solution of the proposed
model equation with randomness as Brownian motion
using lognormal distribution, which describes the
different situations of real traffic data over the road
section. As a result, the randomness with lognormal
distribution follows the collected data, and there is
small fluctuation into the randomness, while other
randomness shows a hug fluctuation into the
randomness and not following the actual data. Thus,
the randomness that follows the best randomness that
represents the real-time traffic flows over the paths S1.
Similarly, for all other paths, lognormal randomness is
the best fit for the proposed stochastic model.

While Fig. 8 shows the stochastic (random)
behavior of the model over the initial density, using
Brownian motion and randomness, four randomness
values were applied while for each randomness, the
solution of the model followed the actual density of the
model.

5. Conclusion

In this study, a stochastic traffic flow model is
proposed with a forcing function using Brownian
motion to incorporate the stochastic behavior of traffic
flows. This model is an extension of the LWR
macroscopic model with a non-homogeneous traffic
flow model. The model predicts the randomness of the
traffic flow with the collected data using the non-
normal distribution of the traffic flow. Distribution
techniques demonstrate that stochastic traffic flows are
not normally distributed. The stochastic traffic flow
follows a lognormal distribution. The proposed model
is numerically solved using the Godunov’s numerical
scheme; this method is suitable for a stochastic traffic
flow model due to the nonlinearity in the traffic flow
with discontinuity in the traffic flow. The Green-shield
model was used as density-speed function for the
macroscopic LWR model and the proposed stochastic
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model. The model achieved high predicted
performance with randomness. The proposed method
can be used to predict the future state of traffic flow
over any section of a road with congestion. The study is
based on non-normal distributed traffic data; however,
the same study may be carried out with other forms of
distributed traffic data, changing the section of road
and forcing function, adding some other stochastic
factors like signal calibration as discontinuity into the
traffic flow, and separating the vehicles types like cars,
heavy vehicles, and many others.

References

[1] MOHAN R.,, and GITAKRISHNAN R.
Heterogeneous traffic flow modelling using second-order
macroscopic continuum model. Physics Letters A, 2017,
381(3): 115-123.
https://doi.org/10.1016/j.physleta.2016.10.042

[2] YANG L. Stochastic traffic flow modeling and
optimal congestion pricing. Dissertation, University of
Michigan, 2012
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/940
54/youngli_1.pdf?sequence=1

[3] MAHMUD S.M.S., et al. Micro-simulation
modelling for traffic safety: A review and potential
application to heterogeneous traffic environment. 1ATSS
Research, 2019, 43(1): 27-36.
https://doi.org/10.1016/j.iatssr.2018.07.002

[4] CUI Z., et al. Traffic graph convolutional recurrent
neural network: A deep learning framework for network-
scale traffic learning and forecasting. IEEE Transactions on
Intelligent Transportation Systems, 2019, 21(11): 4883-4894.
https://doi.org/ 10.1109/T1TS.2019.2950416

[5] WHITHAM G. B. Linear and nonlinear waves.
John Wiley & Sons, 2011.

[6] DAGANZO C.F. Requiem for second-order fluid
approximations of traffic flow. Transportation Research Part
B: Methodological, 1995, 29(4): 277-286.
https://doi.org/10.1016/0191-2615(95)00007-Z

[7] KHABBAZ M. J., WISSAM F. F., and CHADI M.
A. A simple free-flow traffic model for wvehicular
intermittently connected networks. IEEE Transactions on
Intelligent Transportation Systems, 2012, 13(3): 1312-1326.
https://doi.org/10.1109/TITS.2012.2188519

[8] GRAMAGLIA, M., et al. New insights from the
analysis of free flow vehicular traffic in highways.
Proceedings of the 2011 IEEE International Symposium on a
World of Wireless, Mobile and Multimedia Networks. IEEE,
2011. https://doi.org/10.1109/WoWMoM.2011.5986384

[9] FAROOQ M. U.,, MOHAMMAD P, and
KHALEEL Ur R. K. A data dissemination model for Cloud
enabled VANETSs using In-Vehicular resources. Proceedings
of the 2014 International Conference on Computing for
Sustainable Global Development, 2014.
https://doi.org/10.1109/IndiaCom.2014.6828180

[10] AKAMATSU T. Cyclic flows, Markov process and
stochastic traffic assignment. Transportation Research Part
B: Methodological, 1996, 30(5): 369-386.
https://doi.org/10.1016/0191-2615(96)00003-3

[11] BONZANI I, and MUSSONE L. Stochastic
modelling of traffic flow. Mathematical and Computer
Modelling, 2002, 36(1-2): 109-1109.


https://doi.org/10.1016/j.physleta.2016.10.042
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/94054/youngli_1.pdf?sequence=1
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/94054/youngli_1.pdf?sequence=1
https://doi.org/10.1016/j.iatssr.2018.07.002
https://doi.org/10.1109/TITS.2019.2950416
https://doi.org/10.1016/0191-2615(95)00007-Z
https://doi.org/10.1109/TITS.2012.2188519
https://doi.org/10.1109/WoWMoM.2011.5986384
https://doi.org/10.1109/IndiaCom.2014.6828180
https://doi.org/10.1016/0191-2615(96)00003-3

Jatoi et al. Stochastic Traffic Flow Algorithm Based on a Macroscopic LWR Model for Real-Time Traffic Prediction,
343 Vol. 51 No. 6 June 2024

https://doi.org/10.1016/S0895-7177(02)00107-3

[12] ZHANG T., ROBSON E., and BOUKERCHE A.
Design and analysis of stochastic traffic flow models for
vehicular clouds. Ad Hoc Networks, 2016, (52): 39-49.
https://doi.org/10.1016/j.adhoc.2016.07.009

[13] SHAO H., LAM W HK, and TAM M. L. A
reliability-based stochastic traffic assignment model for
network with multiple user classes under uncertainty in
demand. Networks and Spatial Economics, 2006, 6: 173-204.
https://doi.org/10.1007/s11067-006-9279-6

[14] ALPEROVICH T., and SOPASAKIS A. Stochastic
description of traffic flow. Journal of Statistical Physics,
2008, 133: 1083-1105. https://doi.org/10.1007/s10955-008-
9652-6

[15] NGODUY D. Multiclass first-order traffic model
using stochastic fundamental diagrams. Transportmetrica,
2011, 7(2): 111-125.
https://doi.org/10.1080/18128600903251334

[16] ZHENG F., et al. Traffic state estimation using
stochastic Lagrangian dynamics. Transportation Research
Part B: Methodological, 2018, 115: 143-165.
https://doi.org/10.1016/j.trb.2018.07.004

[17] ZHENG F., et al. Analyzing the impact of
automated vehicles on uncertainty and stability of the mixed
traffic flow. Transportation Research Part C: Emerging
Technologies, 2020, 112: 203-219.
https://doi.org/10.1016/j.trc.2020.01.017

[18] YANG, L. Stochastic traffic flow modeling and
optimal congestion pricing. Dissertation, University of
Michigan, 2012.
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/940
54/youngli_1.pdf?sequence=1

[19] JABARI S. E., and LIU H.X. A stochastic model of
traffic flow: Theoretical foundations. Transportation
Research Part B: Methodological, 2012, 46(1): 156-174.
https://doi.org/10.1016/j.trb.2011.09.006

[20] THONHOFER E., et al. Macroscopic traffic model
for large scale urban traffic network design. Simulation
Modelling Practice and Theory, 2018, 80: 32-49.
https://doi.org/10.1016/j.simpat.2017.09.007

[21] SEO T., et al. Traffic state estimation on highway: A
comprehensive survey. Annual Reviews in Control, 2017, 43:
128-151. https://doi.org/10.1016/j.arcontrol.2017.03.005

[22] WEI C., ASAKURAYY., and IRYO T. The posterior
probability distribution of traffic flow: a new scheme for the
assignment of stochastic traffic flow. Transportmetrica A:
Transport Science, 2013, 9(8): 753-771.
https://doi.org/10.1080/18128602.2012.661799

[23] ZAMITH M., et al. A new stochastic cellular
automata model for traffic flow simulation with drivers’
behavior prediction. Journal of Computational Science,
2015, 9: 51-56. https://doi.org/10.1016/j.jocs.2015.04.005
[24] REGRAGUI Y., and MOUSSA N. A cellular
automata model for urban traffic with multiple roundabouts.
Chinese Journal of Physics, 2018, 56(3): 1273-1285.
https://doi.org/10.1016/j.cjph.2018.02.010

[25] CEMERLIC A. Continuum modeling of the
deceleration transient state in stochastic traffic flow.
Dissertation, University of Tennessee at Chattanooga, 2015.
https://scholar.utc.edu/theses/432/

[26] CALVERT S., et al. Vehicle specific behaviour in
macroscopic traffic modelling through stochastic advection
invariant. Transportation Research Procedia, 2015, 10: 71-
81

https://doi.org/10.1016/j.trpro.2015.09.057

[27] DI FEBBRARO A., GIGLIO D., and SACCO N. A
deterministic and stochastic Petri net model for traffic-
responsive signaling control in urban areas. IEEE
Transactions on Intelligent Transportation Systems, 2015,
17(2): 510-524. https://doi.org/ 10.1109/TITS.2015.2478602
[28] CHU K.-C., SAIGAL R. and SAITOU K.
Stochastic Lagrangian traffic flow modeling and real-time
traffic prediction. Proceedings of the 2016 IEEE
International Conference on Automation Science and
Engineering (CASE). IEEE, 2016. https://doi.org/
10.1109/COASE.2016.7743383

[29] KENDZIORRA A., WAGNER P., and TOLEDO T.
A stochastic car following model. Transportation Research
Procedia, 2016, 15: 198-207.
https://doi.org/10.1016/j.trpro.2016.06.017

[30] SIQUEIRA A. F, et al. Effect of stochastic
transition in the fundamental diagram of traffic flow.
Transportation Research Part B: Methodological, 2016, 87:
1-13. https://doi.org/10.1016/j.trb.2016.02.003.

[31] JABARI S. E., et al. Stochastic Lagrangian
modeling of traffic dynamics. Proceedings of the 97th
Annual Meeting Transportation Research Board, 2018.

[32] SUH J.,, HEUNGSEOK C., and KYONGSU Y.
Stochastic model-predictive control for lane change decision
of automated driving vehicles. IEEE Transactions on
Vehicular ~ Technology, 2018, 67(6):  4771-4782.
https://doi.org/10.1109/TVT.2018.2804891

[33] LIN, S., et al. Stochastic link flow model for
signalized traffic networks with uncertainty in demand.
IFAC-PapersOnLine, 2018, 51(9): 458-463.
https://doi.org/10.1016/j.ifacol.2018.07.075

[34] NI,; D., HUI K. H., and TAO J. Modeling phase
diagrams as stochastic processes with application in
vehicular traffic flow. Applied Mathematical Modelling,
2018, 53: 106-117.
https://doi.org/10.1016/j.apm.2017.08.029

[35] LUO X., LI D., and ZHANG S. Traffic flow
prediction during the holidays based on DFT and SVR.
Journal of Sensors, 2019 (2019)
https://doi.org/10.1155/2019/6461450

[36] FAN, T., et al. A dynamically bi-orthogonal solution
method for a stochastic Lighthill-Whitham-Richards traffic
flow model. Computer-Aided Civil and Infrastructure
Engineering, 2023, 38(11): 1447-1461.
https://doi.org/10.1111/mice.12953

[37] CHENG Q., et al. Analytical formulation for
explaining the variations in traffic states: A fundamental
diagram modeling perspective with stochastic parameters.
European Journal of Operational Research, 2024, 312(1):
182-197. https://doi.org/10.1016/j.ejor.2023.07.005

[38] ZHENG S.-T., et al. Impact of stochasticity on
traffic flow dynamics in macroscopic continuum models.
Transportation Research Record, 2020, 2674(10): 690-704.
https://doi.org/10.1177/0361198120937704

[39] MARTINEZ 1., and JIN W.-L. Stochastic LWR model
with heterogeneous vehicles: Theory and application for
autonomous vehicles. Transportation Research Procedia,
2020, 47: 155-162.
https://doi.org/10.1016/j.trpro.2020.03.088


https://doi.org/10.1016/S0895-7177(02)00107-3
https://doi.org/10.1016/j.adhoc.2016.07.009
https://doi.org/10.1007/s11067-006-9279-6
https://doi.org/10.1007/s10955-008-9652-6
https://doi.org/10.1007/s10955-008-9652-6
https://doi.org/10.1080/18128600903251334
https://doi.org/10.1016/j.trb.2018.07.004
https://doi.org/10.1016/j.trc.2020.01.017
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/94054/youngli_1.pdf?sequence=1
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/94054/youngli_1.pdf?sequence=1
https://doi.org/10.1016/j.trb.2011.09.006
https://doi.org/10.1016/j.simpat.2017.09.007
https://doi.org/10.1016/j.arcontrol.2017.03.005
https://doi.org/10.1080/18128602.2012.661799
https://doi.org/10.1016/j.jocs.2015.04.005
https://doi.org/10.1016/j.cjph.2018.02.010
https://scholar.utc.edu/theses/432/
https://doi.org/10.1016/j.trpro.2015.09.057
https://doi.org/10.1109/TITS.2015.2478602
https://doi.org/10.1109/COASE.2016.7743383
https://doi.org/10.1016/j.trpro.2016.06.017
https://doi.org/10.1016/j.trb.2016.02.003
https://doi.org/10.1109/TVT.2018.2804891
https://doi.org/10.1016/j.ifacol.2018.07.075
https://doi.org/10.1016/j.apm.2017.08.029
https://doi.org/10.1155/2019/6461450
https://doi.org/10.1111/mice.12953
https://doi.org/10.1016/j.ejor.2023.07.005
https://doi.org/10.1177/0361198120937704
https://doi.org/10.1016/j.trpro.2020.03.088

S8E:

[1] MOHAN R. o GITAKRISHNAN R.
A MR NNEER A HITIED 2B RER, YIBIR
£ A, 2017, 381(3) : 115-123,
https://doi.org/10.1016/j.physleta.2016.10.042

[21 YANG L. MENEREROSICHREEN,
B, BEMRKE, 2012,

https://deepblue.lib.umich.edu/bitstream/handle/2027.42/940
54/youngli_1.pdf?sequence=1

[3] MAHMUD SMS. %, XTBLZE2MIAEREE :
Lt Rk BRI A 2OBIMNE R VB TERI A, 1ATSS
w92, 2019, 43(1) : 27-36,
https://doi.org/10.1016/j.iatssr.2018.07.002

4] cu  z. = 2 BESTUEIME L
— AT MEMEOEZI NI REFEIESZR, IEE
E ZHXBERFEFIR, 2019, 21(11): 4883-4894,

https://doi.org/10.1109/TITS.2019.2950416
[5] WHITHAM G B.

ML R, Y98 BARXFAR, 2011,

[6] DAGANZO C.F. za@m_pimAatiLsid,
ZBHtE B B 1 A0A18, 1995, 29(4) : 277-286,
https://doi.org/10.1016/0191-2615(95)00007-Z

[7] KHABBAZ M. J.. WISSAM F. F. 1 CHADI M. A.

FiRaar i MR B B BRsBIRE, IEEE
BB RFETIR, 2012, 13(3) : 1312-1326,
https://doi.org/10.1109/T1TS.2012.2188519

[8] GRAMAGLIA M., =
NERN B R ER R T FIRS R0 IAE, 2011
3 IEEE Tk,

Bl % AR R ERRTIT 218X &,

IEEE, 2011, https://doi.org/10.1109/WoWMoM.2011.598
?éJBéAROOQ M. U.. MOHAMMAD P. f KHALEEL Ur
R. K. EREHR RN VANET
MBIRERIEE, 2014
FERTERHSKAFEAERRWIEXE, 2014,
https://doi.org/10.1109/IndiaCom.2014.6828180

[10] AKAMATSU T. TR
SRA] RIS FEN, 3B 2 o IR B

oy - AR, 1996, 30(5) - 369-386,
https://doi.org/10.1016/0191-2615(96)00003-3

[11] BONZANI I. #1 MUSSONE L. Z3:@7pat 2,
HFEENEE, 2002, 36(1-2) : 109-119,

https://doi.org/10.1016/S0895-7177(02)00107-3
[12] ZHANG T.. ROBSON E. #1 BOUKERCHE A.

ERE BB MR RIS, BHELMNLE,
2016, (52) : 39-49,

PEEE 8RR MU OEARE N RO I tam M. L

344

BRI TGN T % BRI MG E T ] SR BEA
RBHOMER, ME5ZEEEZFTT, 2006, 6 : 173-204.
https://doi.org/10.1007/s11067-006-9279-6

[14] ALPEROVICH T. #1 SOPASAKIS A.
2B FRBIBEN IR, FitEFZE, 2008, 133:

1083-1105, _https://doi.org/10.1007/s10955-008-9652-6
[15] NGODUY D. EARENERERZ

—prmiER, EiitE, 2011, 7 (2) :111-125,
https://doi.org/10.1080/18128600903251334

[16] ZHENG F., %, {ERAKAAIIEEABIHFHT
IR E T, KIBHT R B B -
FiE1e, 2018, 115 : 143-165,
https://doi.org/10.1016/j.trb.2018.07.004

[17] ZHENG F., %, SWEBEAETREER
BRANMAEENREENTE W, XBHE C o :
FHBEOR, 2020, 112 : 203-219,
https://doi.org/10.1016/j.trc.2020.01.017

[18] YANG, L. MHEREENRIEEEN.
BX, BEIRAZF, 2012,
https://deepblue.lib.umich.edu/bitstream/handle/2027.42/940
54/youngli_1.pdf?sequence=1

[19] JABARI S. E. #1 LIU H.X. @mEENIER
g Eht, RIBHTR B B
2012, 46(1) : 156-174,
ttps://doi.org/10.1016/j.trb,2011.09. s s
onﬁ THONHOFER &, b;_% j(%%%%iﬁxmxﬁwglﬁﬁ
MEMEIEE, (FEEKESLE 518, 2018, 80 : 32-
49, https://doi.org/10.1016/j.simpat.2017.09.007

[21] SEO T. %, IR BB
GAfE. FEEGe, 2017, 43 :128-151,
https://doi.org/10.1016/j.arcontrol.2017.03.005

[22] WEI C.. ASAKURA Y. # IRYO T.
BRI EREES T | — MBI E R R E.
THITTE A BRI, 2013, 9(8) : 753-771,

https://doi.org/10.1080/18128602.2012.661799
[23] ZAMITH M. %,

— AT 2B AR A B O R 1T AT HY s A B AL 4R A
BER, HERFZE, 2015, 9 :51-56,

https://doi.org/10.1016/j.jocs.2015.04.005
[24] REGRAGUI Y. A MOUSSA N.

—HRATEEZ DI X B C R T 3B 482 B sl

®a,  (hEYEFIR) , 2018, 56(3): 1273-1285.
https://doi.org/10.1016/j.cjph.2018.02.010

[25] CEMERLIC A. FBALZTIBI A BRI ASAIESE R,
AKX FEES A EIL, 2015.
https://scholar.utc.edu/theses/432/

[26] CALVERT S. %. @I T RIZEHITEMR
BRI ET A OBMRRE, 2015, 1071



Jatoi et al. Stochastic Traffic Flow Algorithm Based on a Macroscopic LWR Model for Real-Time Traffic Prediction,
345 Vol. 51 No. 6 June 2024

-81. https://doi.org/10.1016/j.trpro.2015.09.057 https://doi.org/10.1016/j.trpro.2020.03.088
[27] DI FEBBRARO A.. GIGLIO D. #1 SACCO N.

P 2B NS S RO EEANRENL  Petri PIRREL,
IEEE FReXBERFETIR, 2015, 17(2) : 510-524,

https://doi.org/10.1109/TITS.2015.2478602
[28] CHU K.-C.. SAIGAL R. # SAITOU K.

AN AL BR B 2@ AR AN SERY 2@ Full, 2016,  IEEE
Balt Rl 5 TREEFREIN (CASE) BXE,
IEEE, 2016, https:/doi.org/10.1109/COASE.2016.774338
fzg] KENDZIORRA A.. WAGNER P. #1 TOLEDO T.
PELERERR, (Zo@MZREE) , 2016, 15: 198-

Ef%]o https://doi.g@/&%l’lFQAG/j.trpro.2016.2§.017 .
%, XBREREFENIDERNZE, SBMR B
Bo 1 AEIS, 2016, 87 :1-13,
https://doi.org/10.1016/j.trb.2016.02.003,

[31] JABARI S. E. %, @ HFHIMEHLHIEEA
HEE, £ 97 @ERBMREZEREFRIEE, 2018,
[32] SUH J.. HEUNGSEOK C. #1 KYONGSU Y.
B sh B S EEE TR SR IR AR AT 26, IEEE
EFHRARSIR, 2018, 67(6): 4771-4782,

https://doi.org/10.1109/TVT.2018.2804891 o
[33] LIN, S, %, &ERTHEMERHETESEW

ERIPEN PR RAERL, IFAC-PapersOnLine,

2018, 51(9): 458-463,
P o 10104 Tac AU OLO B, hun k. 1., A1
TAO J. FEEEEARIIEREHNETERRER,

R A EE, 2018, 53: 106-117.

https://doi.org/10.1016/j.apm.2017.08.029
[35] LUO X., LI D., 0 ZHANG

S.ETFDFTASVRITE B BRI, (kLS
), 2019 (2019) https://doi.org/10.1155/2019/6461450
[36] FAN, T., %,  PB&#lLighthill-Whitham-Richards
KBRS IE KR A%, THEAN BN A
HRgE T2, 2023, 38 (11) : 1447-1461,

https://doi.org/10.1111/mice.12953
[37] CHENG Q., %, MRBREXBRSZTHITAR !

BB SHNEREREBNA, (RMcEFHE
), 2024, 312 (1) :182-197,

https://doi.org/10.1016/j.ejor.2023.07.005
[38] ZHENG S.-T.,

TR NNELAR A R BB AL MRS S @ R D FRIF A, 2008
RIS, 2020 , 2674(10) : 690-704,
https://doi.org/10.1177/0361198120937704

[39] MARTINEZ 1. #1 JIN W.-L, ®ERZEMHHEI LWR
A BEBSWAENEICSNA.,  RXBHERHE,
2020, 47 : 155-162,

4

o





