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Abstract: The objectives of this paper are to make set theory a step farther from catastrophic contradictions
such as the Russell paradox, which blow away some collections of objects such as the set of all sets, which
intuitively should exist since their members exist, and make use of multivalued logic in developing non-standard
models in set theory and calculus to make work easier. The set theoretic contradictions are derived through two-
valued logic, which ends with sentences of the form “P and not P,” which always have the value “false.” By
introducing other truth values, such sentences can end up with a non-false value if both “P” and “not P” are not
false. Non-standard objects are obtained through collections of ordinary objects indicating that none of the elements
are meant, whereas what is more desirable is indicated. For example, a positive number smaller than all positive real
numbers can be indicated by a set of positive real numbers with values ever approaching but never truly attaining
“true” as they approach zero. In this way, infinite sets can be indicated by multivalued collections of finite sets, and
both infinite and infinitesimal numbers are reintroduced to calculus, improving the scope of integration and
differentiation. This paper also presents a new way to accommodate truth values for set theory where the objects can
be far more numerous than real numbers between zero and one representing values between “false” and “true.”

Keywords: multivalued logic, the Zermelo-Fraenkel set theory, equipollence classes, truth values,
multivalued derivatives and integrals, sums of arbitrary series.
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Introduction because it is equivalent to

Many-valued logic is logic with truth values that are
more than just true or false. For example, let the real
numbers in the interval [0,1] be used as its truth values:
0 for false, 1 for true, and the others are intermediate
values. If for any sentence P, v(P) denotes the truth
value of P, the valuation of composite sentences
satisfies the following:

a.v(=P) =1—-v(P);

b. v(P A Q) = min{v(P), v(Q)};

c. v(P Vv Q) = max{v(P),v(Q)};

d.v(P - Q) = v(=PV Q) = max{v(—P),v(Q)}

= max{1 — v(P), v(Q)};
ev(PoQ=v((P->QAWQ~>P)=
min{max{1 — v(P), v(Q)}, max{1 —
v(Q), v(P)}};
f. v((Vx)Px)
= min{v(Px)|x is a relevant term};
g. v((3x)Px)
= max{v(Px)|x is a relevant term}.

To express that a sentence P has truth value r, we
shall write ,.P with variation to place the left subscript
under the outermost connective of P, such as P A Q or
(,Vx)P. When there is no further notification, we mean
r > 0.

A set may have elements with diverse nonzero
truths of elementhood in it. For example, the set S =
{a,b,c} where a (3€ S, b o,€ S, and ¢ 1€ S, namely,
¢ € S. In this case, the truth values of elements in S are
written as a left subscript for each element, except
when the subscript has value 1, when it needs not to be
written. Hence, S is written as {,sa, ¢ ;b, c}. The truth
value of the elementhood of an object a in a set S
depends on the object a and the set S. In general, we
should write a ,,5€ S where v(a,S) denotes the

truth value of the sentence a € S. A set is solely
determined by the specific truth values of elementhood
for its members. Thus, the sets A and B are equal if
(Vx)(Vr)(x ,e Ao x .€B). A set with all its
elements having a truth value 1 is called a crisp set, to
borrow terminology from fuzzy set theory. The crisp
version of a multivalued set S, if it exists, is called the
support of S, written as Sup(S), wih capital S to
distinguish the notation from the supremum notation in
analysis.

If in a set S, the elementhood value of a is true for
more than one number, we take its supremum.

One of the applications of the above notions is that
if f:A—- B is a function and a ,€ A, f(a) ,€B

1(f:A = Bis a function) A a € A, which results in

mingr,1}(f14 = B is a function A a € A).

In this paper, the Zermelo-Fraenkel set theory
axioms, which are true for crisp sets, are used as guides
for considering additional statements that must be
fulfilled by multivalued sets. Thereafter, some
important theorems are treated similarly. The notion of
directed-set objects or constructed objects in [1] is
expressible using multivalued logic in calculus, where
the real numbers in [0,1] are the truth values. For
example, the right-hand parameter at a € R is defined
as a (standardized) variable R, over real numbers
larger than a, and the nested interval {(a,x)|x > a}
acts as a direction indicator by stipulating that a
predicate Q(R,) is true, which means that there is x >
a so that Q(y) is true for any y € (a, x). Using many-
valued logic, this can be altered to an expression
vy (y +€ Ry = Q(¥)), in which we define R, to be
the set of real numbers x > a with elementhood value
0<r<O0butr—1asx-a’. Applications such as
this are discussed more intensively in this paper.

Constructions of big sets from sequences of finite
sets should use another method to produce truth values
because sets are way too numerous compared to real
numbers. The values chosen in this paper are the sets
themselves, or if preferable, their equipollence classes.
With the new method, each element is tagged by a truth
value that tells us at what stage it is constructed. The
larger its elementhood truth value, the earlier its
construction  occurs.  For instance, the set
{t123% s (€ wuwyd]) tells us that b is constructed
first, ¢ and d the second ones, and a the last, because
{u} has fewer elements than {x, y}, {x, y} has the same
number of elements as {v,w}, and {x,y} has fewer
elements than {1,2,3}. The reverse order is used when
the negatives of sets are used:
{_123% —aabs —(esnCr —wwyd}- Here, a comes first, ¢
and d are the second ones, and b is the last. This is
because for any set X as an index, —X is an
abbreviation of T — X, where T is a (multivalued) set
of all sets. In this case, set subtraction as T — X means
the values of the elements of X in T is nullified, namely
are made to become zero. Therefore, {a,b,c} is
considered smaller than —{u, v, w} with the assumption
that {a, b, c} N {u,v,w} = @, but if we work explicitly
with equipollence classes, the latter would present no
problem.

The logic discussed in this paper belongs to
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consistent logic, in contrast to the interesting recent
development of paraconsistent logic, cf. [2]. For a
recent application development of multivalued logic,
see [3].

1. Basic Theory

This section is devoted to presenting the crisp set
background of the last section, which is a little bit more
formal and thus more precise.

The Zermelo-Fraenkel set theory, which we shall
refer to as ZF, is designed to avoid sets that are too big
to remove the Russell paradox produced by the Russell
set {x|x & x}. Such a strategy is called a limitation of
size policy. There are some other set theories with this
policy, such as the von Neumann-Bernays set theory,
but we shall restrict our attention to the simplest one.

ZF has one relation symbol, namely the
elementhood symbol €, where a € B is read as “a is an
element of B” or “a is a member of B.” Its variant is
B 3 a which reads “B contains a.” A set A is said to be
a subset of another set B if (Vx)(x € A —» x € B). The
symbolisACSBorB2A.If @3x)(xeBAx¢&A)is
also true, A is said to be a proper subset of B. The
symbol is A € B or B o A. The equality of two sets A
and B is met when both A € B and B < A are true. The
symbol is A = B.

ZF is based on nine axioms, built carefully from
scratch. The following is presented in [4], but here, we
recite them for comparison with the discussion in the
subsequent section.

The first is the existence of a set that has no
elements, in contrast to any other objects that are not
sets where they even have no concept of elementhood.

Axiom 1: Axiom of empty set: There is a set without
elements.

@) (vy)(y € x)

The empty set is symbolized as @.

With this axiom, the world has only one set, namely
@.

The next is an axiom that states the existence of a
set from any object such that the set contains only it as
a single element. Such a set is called a singleton.

Axiom 2. Axiom of singletons: For any object, there

is a set that has it as its only element.
(Vx)(EIy)(x EyANV2)(zEY > z= x))

The set y above is symbolized as {x}.

With the two axioms, there are infinitely many sets
that are at least @, {®}, {{®}}, and so on.

Now, we proceed to pairs, namely sets each with
two elements composed from any two objects that
allow duplication, which amounts to producing a
singleton.

Axiom 3. Axiom of pairing: Any two objects
produce a set that contains only those as its elements.

(V) (Vy)(3Fz)(x €EzAy
ezA(VE)(teEzo (t=xVt=Y))

The set z above is symbolized as z = {x, y}.
With the three axioms, there are infinitely many sets
of zero, one, or two members only, namely @, {@},

(o3, fo@} {o{on}- {@{on}
{{(D}, {{{@}}}} and so on.

We proceed to the following operation between sets.

Axiom 4. Axiom of union: Given two sets, there is a
set whose elements are precisely their own.

(Vx)(Vy)(EIz)(t Ezo (tEXVLEE y))

The set z above is symbolizedasz =x U y.

The introduction of the last axiom gives the totality
of sets with finite elements.

Next, we deal with the subsets of the sets that we
already have.

Axiom 5. Axiom Schema 5 of subsets: Given a set
and a condition on elements, there is a set that contains
precisely its elements that satisfy the condition.

(V0@ (tey o (texrp®)),
where @(t) is a condition on t, namely a sentence
about the variable t.

The symbol for the set y above is {t € x|@(t)}.

The reason behind the name “schema” above is that
the axiom is in fact infinitely many statements that vary
with the condition ¢(t). The axiom above allows us to
extract a subset from a set according to any desired
condition. From this axiom, we obtain the notion of set
intersection sincex Ny & {t € x|t € y}.

Next, we proceed to power set formation. The
power set of a set is the set of all its subsets.

Axiom 6. Axiom of power set: Given any set, its
power set exists.

Vx)@Ay)(VtH)(tey et S x)

The symbol of the set y above is P(x).

Now, we are ready to venture into infinity.

Axiom 7. Axiom of infinity: There is an infinite set
that contains @, {9}, {{#}}, and so on.

@Ex)(B € x A (Vy)(y € x - {y} € X))

This axiom specifically feeds a single set to the
previous axioms, but this feed is special because it is an
infinite set, namely a set equinumerous with one of its
proper subsets.

Next, we want many infinite sets, not only the set in
the above axiom. The idea is to guarantee that the co-
domain of any functional condition is a set. A
functional condition is a binary predicate y(x,y) so
that for any objects x,s,t, Y¥(x,s) and YP(x,t) imply
s =t.

Axiom 8. Axiom schema of replacement: Given a set
and functional condition, the co-domain of the
condition applied to the set exists.

(V)@AY)(VE)(t €y o (As)(s € x AY(s,1))

The notation for the set y above is
{t|(@s)(s € x Ap(s, t))} which is too tedious. Maybe
the non-standard notation (x,") is better.
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Thus, to prove that the finite von Neumann ordinals
form a legitimate infinite set, we use the axiom as
follows. For each natural number n, we recursively
define ay = @ and a, ., = {a,}, similarly by = @ and
byn4+1 = by U {b,}. Therefore, for each n, we can define
Pq, (s, t) to be the condition s = a, At = by, for each
k=0,1,---,n. Let u be the set stated in Axiom 7. Let
Y(s,t) be the condition (3x)(x € u A, (s,t)). The
desired set is ¥ (u,").

The following axiom is meant to avoid circular sets
such as a € b € ¢ € a. It also implies that there is no
infinite descending sequence a; 3 a, 3 ---.

Axiom 9. Axiom of regularity: Every nonempty set
contains an element that is disjoint from it.

V)@Y ExAxNY =)

There is one more axiom required by most
mathematics:

Axiom 10. Axiom of choice: Any family of
nonempty sets has a choice set, namely a set whose
intersection with any member of the family is a
singleton.

) (v ex -y = 0)
- (Az)(Vt)(t €

- @Wzny = u)))

There is a long list of adventures concerning the
axiom of choice, notably, the impact of rejecting it,
which results in some weird situations, and its
acceptance, which leads to the counterintuitive Banach-
Tarski “paradox” [5], [6].

In [1], we discuss the definition of a directed set as a
family {S;};>( Of sets that are descending or ascending
according to the subset relation. The purpose of such a
family is to foster the dynamic nature of the
definability of a property in the long run. On the one
hand, it tells us at what set a property ¢ is defined at
each stage t; on the other hand, taken as a whole, it
may define a new object characterized by such

dynamism. For example, if ¢(x) is the sentence “x >
% @(t?) is true at all stages t > %; hence, the new
“number” a = t2 has the property ¢(a) if the directed
set employed is {(0, t]};~( Since ¢(a) istrue as t — oo.

In [7], the following symbols are employed to

define the left and right parameters R_, =
1
{(=0, —t)}¢>0, Ry = {(a, a+ ?)}t>0’ ba =
{(a - %’ a)} ,and L, = {(t,©)}¢so.
£>0

To discuss series in the subsequent section, we close
this section with a definition of an infinitary operation.
In [1], derivation and integration are reformulated
using the parameters above. The following definition is
used in [1] to handle infinitely many applications of
operations as follows.

Definition 1. Infinite operations: Let a =
(aq,a,,++,ay,, ) be a sequence of elements and *

(*1,%5,*+ %, =+ ) be a sequence of binary operations.
Let f be the function f(t)= *HL"L ay &

(( ((‘11 *1 Az) *2 az) *3 ) *t] a[t])a where [t] is
the smallest integer k not less than t. Then, * (@) is

defined to be f(L.).
The function f is sometimes written by abuse of
notation in sequential notation f=

(f(1),f(2),f(@3),:++). It is noted that if there is an
occurrence of a unary operation, F(x), one can define
F*(x,x) & F(x). If there is an occurrence of a ternary
operation, G(x,y,z), one can split G into
G,(G1(x,¥)),2) ¥ G(x,y,2). Therefore, Definition 1
is much more general than it seems at first sight.

2. Research Method

For the sake of coherence, this section is segmented
into two subsections. The first one involves changes in
the basic formulations of the ZF set theory. The second
one deals with formulations of parameters in
multivalued logic, which has developments in calculus
and the introduction of valuation outside [0,1].

The method can be described as follows:

1. Starting from ordinary objects, such as finite sets
and real numbers;

2. Multivalued set formations are employed to
produce non-standard objects, such as infinite sets,
infinite and infinitesimal numbers, and so on;

3. Meanwhile, along with Forming 2, we need to
adapt the set theory to satisfy additional axioms
specifically involving multivalued sets;

4. Obtaining various new methods and results as a
consequence of 2.

2.1. Multivalued Logic and the ZF Set Theory

The ZF axioms mentioned in Section 2 are meant
only for crisp sets. Therefore, each of the ZF axioms
should be evaluated one by one considering
multivalued logic. Additional items to ZF are marked
with asterisks.

As indicated in the Introduction, the extension of ZF
due to multivalued sets has elementhood subscripts
preceding it. The pre-subscript indicates the truth value
of the corresponding elementhood symbol. Thus,
X, €y means that x is an element of y with value r.
Hence, x ;€ y means x € y, while x ;€ y means x ¢
y. Also, x & y means x ;_,€ y. An element x € y is
called an r-element of y.

Definition 2. Multivalued subset:

a. A set A is said to be a subset of another set B if
(Vx)(x ,€ A > x ;€ B) withr <.

ACBorB2A.

b. If (Ax)AN(T >0Ax.EBAx&A) is also
true, A is said to be a proper subset of B.

A c BorB D A.

c. The equality of two sets A and B is met when
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A € Band B € A are true.

A =B.

Thus, A = B & (Vx)(Vr)(x,.€ A < x € B).

Set subtraction is a little tricky. X —Y can mean X
with elements of Y in it removed by nullifying their
values in X or X, where any y ,,, x)€ Y in it changed

to max{v(y,X) —v(y,Y),0}. Hence, a further
explanation is needed when this is encountered.

The axiom of empty set states that there is a set
without elements: (3x)(Vy)(y & x).

Therefore, there is no truth value problem involved
in this axiom. Notational alternative of the axiom is:

Axiom 1. Alternative formulation for the axiom of
empty set. There is a set where everything has an
elementhood value of zero: (3x)(Vy)(y (€ x).

Next, we deal with an axiom that states the
existence of sets that contain only a single element, but
what elementhood value it has is here the problem.
Hence, it should be mentioned explicitly.

Axiom 2*. Addition to the axiom of singletons: For
any 0 < r < 1 and any object, there is a set that has it
as its only element with value r.

(V) @y)(x € y A (Yw)(w € Sup(y) » w = x))

The set y above is symbolized as {,x}.

With the two axioms, there are infinitely many sets
that are at least @, {,-0}, {s{,@}}, and so on.

In the case of pairs, namely sets with two elements,
the situation is similar to the above axiom, with the
elementhood value as the only difference.

Axiom 3*. Addition to the axiom of pairing: For any
0<rs<1, any two objects produce a set that
contains only those with values r and s, respectively, as
its elements.

(Vx)(Vy)(EIz)(x FEZANY €z A (VE)(t € Sup(z)
s> (t=xVt= y))

The set z above is symbolized as z = {,x, ;y}.

With the three axioms, there are infinitely many sets
of zero, one, or two members only, namely @, {,.0},

(B Godon o (o) (o} fo}}},
{r{(b}, S{{{@}}}},~-- and so on.

The multivalued version of the axiom of union
essentially states that given two sets, there is a set
whose elements have maximal values between their
values at each set. The problem is that if it gives the
crisp set that contains all (crisp) sets, we arrive at the
Russell paradox because it would contain the crisp
Russell set. Thus, the union set in question should in
general be altered to a sub-union set, namely a union
set with element values that may be less than what they
should be.

For an interesting account of Russell’s paradox, see
[8].

Axiom 4*A. Axiom of sub-union: Any two sets
always produce some sub-unions.

(Vx)(Vy)(EIZ)((EIu)(u >0At € 2)

- @Av)@w)(t ,Ex At yEY AU
< max{v,w}))

However, for sets that have supports so that the
union of their supports exists by the original axiom of
union, their multivalued union exists.

Axiom 4*B. Addition to the axiom of union: Two
sets in which their supports exist, their proper
multivalued union exists.

v (@) @) (x = S Ay = sup))

- (3z)(Vw) (@A) EAw) (Vo) (t € z
o (t ,€xAt ,EYAU

= max{v, W})))

The introduction of the last axiom so far gives the
whole multivalued sets with finite elements.

Next, we deal with the subsets of the sets that we
already have.

Axiom Schema 5*. Addition to the axiom schema of
subsets: Given a set and condition on elements, there is
a set that contains precisely the elements that satisfy
the condition.

(v0)@y) (EDEW)W,w > 0 AL L€ X A (1))

-t min{v,w}e }’)

AMEWW>0At €)

- (Av)(@Ew)(u

= min{v,w} At ,€ x A (1)),
where @(t) is a condition on t, namely a sentence
about the variable t.

The symbol for the set y above is {t € x|, @(t)}.

The notion of set intersection becomes x Ny &
{t »,€ x|t € y}. The notion of an arbitrary subset is
{t v,€ x|t € Usex{w,s}}, which transforms the
elementhood value of an element t from v, to
min{v,, w;}.

Next, we proceed to power set formation. The
power set of a set is the set of all its subsets. However,
now subsets with the same support can be very
numerous. For example, the singleton {,a} alone has
power set {{;a}|0 < s < r}. In addition, a subset of a
set does not necessarily have a support. For example, a
subset S of multivalued set of all sets T might have the
same non-zero valued elements with values not
exceeding that in T.

Axiom 6*. Addition to the axiom of power set:
Given any set, its power set exists.

(Vx)(Hy)(Vt)(t REY LS XA SV(E, x))

The symbol of the “purified” version of y above,
namely y with {u € y|u & x} removed is B, (x). The
subscript m is to remind us that the power set here is
not necessarily crisp.

The axiom of infinity is left as it is since it is only a
bridge to infinity by affirming the existence of a single
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infinite crisp set, from which its multivalued subsets
emerge, including those with the same support. For the
sake of completeness, we repeat its mention using von
Neumann ordinals as follows.

Axiom 7. Axiom of infinity: There is an infinite set
that contains @, {®}, {@, {¢}}, and so on.

@)@ exA (VY)Y ex > yU{y}Ex))

The axiom of replacement now involves two truth
values to be reckoned. One comes from elementhood,
and the other comes from the condition.

Axiom Schema 8*. Addition to the axiom schema of
replacement: Given a set and a functional condition,
the co-domain of the condition applied to the set exists.

(v0)@y)(v) (@) @v)Ew) (v, w
>0As € XA LWP(s, 1))
= U minfyw)€ }’)
A ((Elu)(u >0At ,€Y)
- (EIv)(Elw)(u
= min{v,w}As ,€ x A ,Y(s, t)))
The notation for the set y above s

{min{vs,ws}t|(35) (s v € X AW P(s, t))}, which is even
more tedious than before. We may abbreviate this to
Y(x,*), where the asterisk reminds us of its
multivalued nature.

The following axiom confines only to crisp sets. So,
we just let it be as it is.

Axiom 9. Axiom of regularity: Every nonempty set
contains an element that is disjoint from it.

v (¥ @(r >0y €x)
- @Az)(zexAxnNz= (Z))))

One of the multivalued sets that defy this axiom is
the Russell set r = {x|x & x}. If we let rger, r
satisfies the condition x & x, namely r & r, where, in
this respect, r ;& r. Thus, r {_¢€ r. Hence, s = 1 — s,
namely, s =0.5. So, T 05€E T, whence
T 0597 0527 0527 052

The axiom of choice needs an adaptation with
respect to the elementhood value.

Axiom 10*. Addition to the axiom of choice: Any
family of nonempty sets has a choice set, namely a set
whose intersection with any member of the family is a
singleton.

(Vx) ((Vy)(y FEXAT>0->y#0)
- (Elz)(Vt)((EIs)(t sEXASs>0)

> AQuu, ,EzAzNt = {Su})))

We may notice that the choice set is no longer
necessarily a crisp set.

It is an interesting inquiry whether the additional
axiom to the Zermelo-Fraenkel set theory can be
suppressed to just one axiom schema:

Axiom schema of multivalued comprehension: For

any condition with one variable, there is a multivalued
set such that if an object satisfies the condition with a
positive truth value, it is a member of the set with a
positive truth value not exceeding the former’s truth
value.

Given any condition ¢(x) with the variable x,

@M) ((7r)((r> 0 A ,p(x)) > @) <s<TA
X € M))).

The multivalued set M is not unique.

In the construction of large sets with sequences of
finite sets, our main concern in [1] is increasing
directed sets. The construction of the set of all natural
numbers N, and its multiple power sets through a
sequence of finite sets cannot be reflected merely using
real numbers in the interval [0,1] since the elements
involved can be much more numerous than the values
in the interval. As a way out, we may use multivalued
sets as truth values. Because the totality of all sets is
multivalued, it cannot be unique. Therefore, we cannot
employ sets themselves directly as values with @ as the
number 0 and the totality of all sets as the number 1
and all others are values in between. For each
multivalued set X, we should choose a totality of all
sets, T, where each element of T has the same value in
T. In this way, T — X becomes the removal of X from
T. Then, any set S can be written as T — X, where X is
the complement of S. The choice of T should present
no problem if we take T and T  as equivalent when
there is a bijective functional condition ¢ between
them, namely @(t,t") with t € Sup({,rt}) and t" €

Sup({v(t’,T')t,})' If we denote T —X as —X, we have

sets as truth values.

Definition 4. Negative of a set: sets with
equipollence relations as truth values: Let S be a set.
Then, —S is the negative of S, which satisfies the
following properties:

aXcYe-Yc-X,

b. —X # @ for any set X;

C. —@ represents “true” or 1;

d. @ represents “false” or 0;

e.X=~-YifX=Y;

f. max{—X,—Y}=—-—min{X,Y}=—-XnNnY) and
min{X,Y} = —max{X,Y} = —-(XUY).

By employing the above seemingly abstract concept
of negative sets as the truth value, we can mimic the
construction of N, as follows:

No ={_40, 11, 52,}={_pnln=012,-},
where the values are 0 = @ and, in general, n+ 1 =
nU{n} if n is known; in other words, n+ 1=
{0,1,2,-,n — 1}.

Meanwhile, the construction of the power set of N,
is reflected in the multivalued set: P(N,) =
{—(DP(O)' —1P(1)' —ZP(Z)I } =
{_,P(M)In=0,1,2,---}.

The multiple power set is similarly presented:
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P¥(No) = {_gP*(0), .1P*(1), _.P*(2),-} =
{—nPk(n)ln = 0'1121 .”}'

In [1], the infinite-fold power set is defined as x €
P*(X) & x = (5, %5, ) A (k) (i € PE(X0)) A
(VD (x; € xp41).

For the multivalued version, if x; . € x;,, forany [,
x € P*(X), where r = mlin 1, namely, r = — UL, K]
if , = —K; for each [.

2.2. Multivalued Logic and Calculus

A multivalued set P can simplify the notion of a
directed set presented in Section 2. The issue is now
altered to multivalued sets of real numbers.

Definition 2. Kernel of a set: Let SSR be a
multivalued set. Suppose S = {, x|x € Sup(x)}. The
truth peak of S is T(S) = sup{ry|x € Sup(S)}. An
element a € R is said to be:

a. The left kernel of S if a = infSup(S) and
xll)r(r;_ e = T(S),and r,, < T(S) for all x € Sup(S).

b. The right kernel of S if a = supSup(S) and
lim r, =T(S), and r, <T(S) forall x € Sup(S).
x—-a

c. The central kernel of S if limr,, = T(S),and r,, <
x—a

T(S) forall x € Sup(S).

d. The truest element of S if a . € S and (Vx)(x €
S o <1).

If the kernel can be of type a, b, or ¢, we can just
say it as the kernel of S, written as ker(S).

The concept of a kernel is the multivalued logic
equivalent of the concept of expectation in probability
theory.

Obviously, ker(AB) = ker(A) ker(B), where AB =
{abla € A,b € B}.

The multivalued parameters presented below are
special cases of left and right kernels for sets of real
numbers but with the number 1 as the value of their
truest elements.

Definition 3. Multivalued parameters:

a. Let a € R. A multivalued set R, is called a right
parameter at a when a is the right kernel of R,, where
e < 1forallxand T(R,) = 1.

b. Let a € R. A multivalued set L, is called a left
parameter at a when a is the left kernel of R,, where
e < 1lforallxand T(R,) = 1.

c. A multivalued set R_, is called a right parameter
at —oo when —oo is the right kernel of R__,, where r, <
1forallxand T(R_,) = 1.

d. A multivalued set L, is called a left parameter at
o when oo is the left kernel of L, where r,, < 1 for all
xandT(L,) = 1.

Here, the larger the truth value for elementhood, the
closer an eclement is to the “true value” of the
parameter. For example, for any natural number n,

there is x so that x . €L, for r, = 1—% since

limr, = 1. Hence, “what” is the number L, is

X—>0

reflected in its values: the bigger a number, the more
similar it is to L. Thus, L, represents oo but in a more
“tangible” manner since it can be involved in
operations.

As in [1], the derivative of f at a is the result of the
limiting process of quotients of the form fx/_y(a) =
—f(x;:g(y), with x < a < y. Instead of taking the limit to
obtain f'(a) = lim f,,, (a), employing R,, which

x-y

represents a tangible positive infinitesimal, we define:

Definition 5. Multivalued derivative: Let f be a
function, and a is in the interior of its domain. The
multivalued derivative of f at a is

f1(@) = {yarpfey@|lx =yl =d,d >0} ... (1)
where fy (@) = %f](y) for x < a <y, and v(d,Ry)

means the elementhood value of d in Ry,.
In short, the derivative of f at a is a set with

elements of the form %;‘](y) where x < a < y with

elementhood value v(|x — y|, Ry), namely, the value is
increasingly higher when it approaches zero.

Let us now evaluate some of the main theorems of
differential calculus, the details of which are found in
[9] or [10] for reference to the ordinary versions.

Theorem 1. The chain rule: Let f:A - B and
g:B — R be functions, where A,B € R. Let a € A.
Then, ker(g ° f)*(a) = ker(g*(f(a))f*(a)).

Proof: Suppose w = ker(g e f)*(a). Then, w =
u. However, the typical element

(g )=(g°NH) _
x—y -

lim
dy—17,dy=v(u,(gof)*(@))
of the support of (g ° f)*(a) iIsw =
9(f(x)-g(f»)

x=y
@) -9 ®) ) —f®)
fG)—-f) x—y
€ Sup(g*(f (@)Sup(f*(a)).
Now, v(w, (g ° f)*(a)) = v(x — ¥, Ry),

g(f() —g(f»)

fo—ro 9 @)
= v(If () — F@)], Ro), and
v(%f”.f*(co) = v(Ix = y|,Ro).
So, v(w, (g ° /)" (@) = v(|f(x) -
FODLR)V(Ix —y|,Ry). Hence, if wv(w,(ge

@)-17, v(f)—fO)R)~1", and
v(jx —yl,Ro) = 17

Thus,w = ker(g*(f(a)) ker f*(a) =
ker g*(f(@))f*(a).

On the contrary, if p = ker (g*(f(a))f*(a)), p=

ker (" (f(@)) ker(f*(@)) =
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g(fx)-g(f (yl))>
flx)-f1)
f(x1) — f(Yz)>
d(lx2=y2|,Ro)—>1" Xy — Y
9(f0) - g(f()/)))
fO)—f)

li
(d(|f(x1)—f(3’1) [,Ro)—1~

= < 1m
a(lf()—f)I,Re)~>1~
< fO) =)
m _
d(|lx=y|,Ro)~1" X—y
- <QU(0)—QUOJ»(f@)—fOO>

d(|x=y|.Ro)=1~

fG) =) x—y
B g(f() —g(f®»)
 d(x-ylRe)-1 x—y
= ker(g ° f)*(a).

Theorem 2. The product rule: Let f:A - R and
g:A = R be functions, where A € R. Let a € A. Then,

ker((fg)*(a)) = ker(f*(a)g(a) + f(a)g"(@)).
Proof: Let w = ker((fg)*(a)). Then,
= i u. However, the typical

lim
dy=17,dy=v(u,(f9)* ()
element of the support of (fg)*(a)
FIO-GFPG) _ g -fg») _

is w=

x-=y x=y
FxX)gx)=f@)gx)+f)gx)-f()g(y)

x=y
f)gx) = f(y)g(x) N fOgx)—fg)
x—y x—y

€ Sup((f*(a)g(a))

+ Sup(f (a)g* ().
Now, v(w, (fg)*(a)) = v(Ix — y|,R) =

fFX)gx)-f)glx) .

v 9 (f@))=

) gx)- *
v (f y g(xx_;‘/(y)g(y)'f (a)).

Therefore, if

v(w, (fg)*(a)) » 17,
’ <f(x)g(x)—f(y)g(x)’ ' (F( a))> 1~ and

x=y
v <f(y)g(X)—f(y)g(y)'f*(a)> -1

x=y

Thus, w = ker(f*(a)g(a)) + ker(f(a)g*(a))

= ker(f*(@)g(a) + f(@)g*(a)).

On the contrary, if p =ker(f*(a)g(a)+
fl@g* (@), p=ker(f*(@)g(a)+ f(a)g* (@) +
ker(f(a)g*(a)) =

f(xl)g(xl)—f(yl)g(xl)) "
X1=V1
( f(xz)g(xz)—f(yz)g(yz)) _
d(|xz=y2|,Rg)—>1~ X2=Y2
f(X)g(X)—f(J/)y(x)> n
F)-f»)
f(x)g(x)—f(x)g(y)> _
Fe-f»)
fE)gO~f ()9 (x)
FOO-f®) ) *

(d(|x1—y1|:Ro)_’1_

(d(lx—yl,Ro)ﬁl‘

(d(|X—Y|,R0)—’1_

1
d(lx=y|,Ro)—>1~ (

(f (g)-f (x)g(y))

FE)-f)

fx)gx)—f(x)g(y) x
aim - Py = ker(fg)*(a).U

The conformity of a multivalued entity with another
can only mean the equality of the kernels, as in the
following theorem.

Theorem 3. Conformity with the ordinary
derivative: Suppose f is a function differentiable in the
ordinary sense at a € R. Then, ker(f*(a)) = f (a).

Therefore, the multivalued derivative of f at a is
essentially the same as the ordinary derivative since it
is its kernel.

Proof: Let f be a function differentiable at a point

a. Given &> 0, there is § >0 so that |—f(’2:§(3’) _

f'(@)| <& provided that |x—y|<§8. Therefore,

f*(a) has kernel f'(a) since if § = R,, elementhood
value of afx,,y(a) increases as & — 0%, along with
f5(@) > f'(a).

The definitions of partition and its mesh are
standard ways to introduce the Riemann integral.
Equally central to the idea is the concept of a choice
function for each subinterval resulting from the
partition.

Definition 6. Partition and its mesh and sum: Let
(a,b) be a real interval, where a = —co Or b = o are
also allowed.

a. A partition of I is a finite sequence P =
(x1,%9,*,xp) SOthata = x; < xp, < -+ < x, = b.

b. The mesh of P is the number
max{x; — xx_1lk = 2,3,--,n}.

The mesh of the partition P is written as |P|.

c. The sum of f over the interval [a, b] determined
by the partition P is defined as S(f,P,d, o) =
=1 f () (xgs1 —xx) for x; € P, where P is a
partition of [a, b] with |P| = d, and ¢ is called a choice
function for P, denoted by o € c(P), and fulfills
o ([xk, Xpes1]) = x € [xp, Xg4q] fOrk = 1,2,--,n — 1.

The multivalued set version of the Riemann integral
is as follows:

Definition 7. Multivalued integral: Let f be a
function defined on the closed interval [a, b]. Then, the
multivalued Riemann integral is given by

fb* flx)dx &

{v(d,RO)S(f, P,0)| o € c(P),|P| =d,d > 0} (2)
In the following, conformity is measured by the
identity of the kernels.
Theorem 4. Conformity with the ordinary integral:
If £ is a function integrable in the ordinary sense,

ker (fb* f(x)dx) = fbf(x)dx.

Proof: Suppose f is a function with f:f(x)dx
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exists. Given & > 0, there is § > 0 so that for any
partition P with mesh less than § and any o,

|S(f, P,o) — f:f(x)dx| <e&. Then, any member

q.€(2) with r>v(5R,) satisfies |q—

f; f (x)dx| < ¢ because the corresponding mesh must
be smaller than §. Since ¢ is arbitrary, the kernel of (2)
is indeed [ £ (x)dx.

The following theorem involves a multivalued

antiderivative.
Theorem 5. Fundamental theorem of calculus: Let

f:[a,b] - R be a function and F(x) = ["x f(t)dt for
€ [a,b]. Then, ker f;* f(x)dx = ker(F(b) —
F(a)).
Proof: Let P be a partition of [a, b] with mesh |P|
and o:P — [a, b] be a choice function for P. Then,

S(f,P,1P1, ) wqpire)E f;* f(x)dx.
Now, S(]:, P, |P|,O') = Z?:l f(x;)(xi+1 -

IPI—>0

L) 3 Z O(F(xl+1) F(x )) F(xn+1) -

F(xo) = F(b) — F(a).

Because this is true for |P| small enough, namely
v(|P]|, Ry) close enough to 1, the theorem follows.

The following essentially states that multivalued
integrals and derivatives are inverses.

Theorem 6. Multivalued integrals as multivalued
anti-derivatives: Let f:[a,b] = R be a function.

Then, ker(f(a) + [+ f*(6)dt) = f(x) and ker(]
f®)dt) =f ).

Proof: Let f:I — R be functions, where I = [a, b].
Then, ker f;* f*(®)dt = ker f;* ker f*(t) dt

lu-v|-0* x _
A ORI (O
u-—v
|P|—>O
=y f(x;l) f(xl)( R
i+1
=f(x) - f (@).

Thus,  ker(f(a) + [ * f*(0)dt) = ker(f (a) +
@) = F(@) = f(0). *
For the second part, ker( [« f(t)dt)
u=vl20" [ f(0)de — [T f(O)de P20
er —

u—v

Zn*'lf(xl“)(x”l x;i) = Xie f Q) (i — x3)
F@) @ v)
- v

—— = f(v") = f(),
where we assume that [a, v] € [a, u] and the partition
for[a,v]isP = (a = xq1,X3,, Xp =V, Xppq = U). [
Integration by parts regains its truth through
kernels.
Theorem 7. Integration by parts: Let f,g:1 — R be

functions,  where I =[a,b].  Then, ker (f:*

fGg" ()dx) = ker ((Fg(0) =" -

[0 £ (@)g(@)dx).
Proof: By the product rule,
ker(f*g)(x) + ker(fg*)(x) for

Hence, ker (f;(fg)*(x)dx) =
ker (f; ker(fg)*(x) dx)

b
= ker ( f (ker(f*9) (x) + ker(fg*)(x))dx>

ker(fg)*(x) =

each x € [a,b].

b
= ker (f ker(f*g)(x) dx)
+ ker (fbker(fg*)(x) dx)

b b
= ker (f (f*g)(x)dx) + ker <f (fg*)(x)dx).

So, ker (f:(fg*)(x)dx) = ker (f:(fg)*(x)dx) -

ker (f(f*9)()dx).
By the first part of Theorem 6,

ker ([7(fg)"(x)dx) = fg(b) — fg(a), so  the
theorem follows.

Some other types of integrals, such as those
discussed in [11], can be treated in the same way we do
here. Another concept is the inteduct that is related to
integrals [12].

We conclude this section with an adaptation of
Definition 1 about a type of infinitary operation.

Definition 8. Multivalued version infinite
operations: Let @ = (aq,a,, -+, ay,++) be a sequence
of elements and ¥= (x,,%,, =+ %, ) be a sequence of

binary operations. Let = Ilk=1ax &
(( ((al *1 ) %3 az) *3 ) *n an)-
Then, *(a) is defined as the set

{v(n,Lw)Snln =123, }

3. Results and Discussion

This section is devoted to the consequences,
examples, and applications of what is developed in the
last section. Our results on numbers are comparable to
surreal numbers [13].

3.1. Five Theorems of the ZF Set Theory Adapted to
Multivalued Nature

We now take a glimpse into five big theorems of set
theory to determine the impact of multivalued logic on
them.

In the following, what is meant by well ordering on
a set is that every non-empty subset has a first element.

Theorem 8. The well-ordering theorem: Every
multivalued set can be well ordered.

Proof: Let S be a multivalued set. Let W =
(Sup(S), <) be well ordering of Sup(S). Returning the
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elementhood values of S, we obtain well ordering (S, <
) of S.

The concepts of equipollence or elementhood
equinumerosity among sets and thus also cardinality
are affected by the multivalence of truth values. First,
we must alter the definition of equipollence.

Definition 9. Multivalued equipollence: Let A and B
be sets.

a. A is said to be equipollent to B if there is a
bijection f:A—-B such that (Vx)(x,EA«
f(x) +€ B).

A = B.

b. Suppose « is the cardinality of Sup(A). The
cardinality of A is the set a* with Sup(a™) = a so that
there is a bijection f: A - a*, where (Vx)(x ,€ A &
f(x) € a™). Of course, there are many multivalued
sets that can be cardinalities of A, but they are deemed
equivalent.

c. A is said to be subequipollent to B if there is an
injection g: A — B so that A and g(A) are equipollent.
A< B.

d. If ASB, but A= B, A is said to be strictly
subequipollent to B. The symbol is A < B.

Theorem 9. The multivalued Schroeder-Bernstein
theorem: Let A and B be multivalued sets. If A< B
and B< A, A=B.

Proof: Suppose A< B and B <A. The proof
follows the original proof of the Schroeder-Bernstein
theorem but now involves injections with elementhood
truth values. This would present no problem if we use
sets as the values, as in Definition 6, instead of real
numbers since it allows infinitely small quantities. [

The trichotomy theorem states that for any crisp sets
A and B, there are only three alternatives, namely 4 <
B, A = B, or B < A. However, for multivalued sets in
general, the theorem fails.

Theorem 10. Modified trichotomy theorem: Let A
and B be multivalued sets. Then, Sup(A4) and Sup(B)
satisfy the trichotomy alternatives, but A and B may be
incomparable.

Proof: Let A= {o3u,o,v} and B = {,,u, o3V}
Then, A £ B, and B £ A, although Sup(A4) = Sup(B).
Band C = AU {, sw} give incomparability of B and C,
along with Sup(B) < Sup(0C).

For multivalued sets, the usual argument for
Cantor’s Theorem cannot be sustained. We know that
there is a crisp set, and its crisp power set is not
equipollent. If a multivalued set S is equipollent to its
multivalued power set via a function f:S — P(S),
suppose M € P(S), where M = {x|x & f(x)}. Then,
there is s > 0 so that m ¢€ S is the element such that
f(m) = M. Then, for some r, m ,EM & m ¢ M &

m {_,€ M so that r = % So, s should be % as well.

Therefore, the usual argument fails. Thus, we need
another argument for it.
For multivalued sets, Cantor’s theorem still holds.

Theorem 11. Cantor s theorem: For any multivalued
setS,S = P(S).

Proof: Let 0 <r <1 and X = {,a}. Then, P(X) =
{Xs|s € (0,7]}, where X, ={@}U {;a} for any s €
(0,r]. Hence, P(X) = (0,r]. Now, since (0,r]=
(0,1] = R for any r > 0, the totality of subsets of any
set Swith support C has the cardinality of C X R.
Hence, P(S) has the cardinality of P(Sup(C)) % R.
Since S~ C < Sup(C) < P(Sup(C)), SSCXR<
P(Sup(C)) X R = P(S).

Ordinal numbers are expanded to include
multivalued sets. Thus, if « is an ordinal number, a
multivalued version of a is a set a* so that (Vx)(x €
aeo@r)(r>0Ay €Ea*Ay= x)), namely, the
multivalued version of an ordinal « is a set with
support a.

Ordinal addition and limiting are modified as
follows.

Definition 10. Ordinal summation:

a. If a is an ordinal and y is a multivalued successor
ordinal, y=6+1, and a+y=(a+6)U{,a}
where r = sup{s|(3B)(B s€ a + §)}.

b. If a is an ordinal and y is a multivalued limit
ordinal, @ +y = Ugey @ + €.

For axiomatic classical ordinal theory, see [14]. For
a relatively recent finding on ordinals, see [15].

In addition to the well-known transfinite induction
for crisp sets, it must be modified as there are now
infinitely many additional ordinals.

Theorem 12. Truth value of transfinite induction:
Let set equipollence classes be employed for the truth
values as in Definition 3. Let ¢(x) be a predicate on
ordinals. Suppose:

a. »¢(0) holds for some r > 0;

b. Forany s > 0, if ;¢ (a) holds, ;¢(a + 1), where
t = min{s, u}, inwhicha € a + 1,

c. If for any a (€ B, sy®(a) holds for some
u(a),s(a) >0, 2 (B), where t=
sup{min{s(a), u(a@)} |a € Sup(B)}.

Then, u(a)go(s(a)a)v namely min{u(a),s(a)}(p(a)n is
true for all ordinals.

Proof: The proof of this theorem is similar to the
proof of the original version, except that now
elementhood values should be considered.

Because the truth values are set equipollence
classes, we can be sure that none of the truth values
would reduce to zero if none of them are zero. Thus,
the theorem follows.

3.2. Limits of Functions, Multivalued Derivatives
and Integrals, and Sums of Infinite Series

We now turn to the application of multivalued
calculus by considering some examples.

Example 1: At a >0, the function f(x)=

x,if x is rational, . o
{ / . obviously has no derivative in the
0, otherwise,
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ordinary sense. Ford > 0,x <a <y withx —y =d,

fO -

xX—=y
0, if x and y are both irrational,
x —
P Y =1, if x and y are both rational,
={x
) 7 if x is rational and y irrational,
L~ g, if x is irrational and y rational.
Elements of f*(a) with large elementhood values,
namely |d| < % are among

x y .
{v(d,Ro)O; v(d,RO)l. v(d,RO)(E)' 1](d,RO)(— E)} where d is

ever decreasing as the truth value increases. Hence,
f*(0) has three parts: the 0 part gives 0, the 1 part
gives 1, the g part gives aL., and the —% gives —alL.,.
Thus, since a > 0, f*(0) is a new entity that glues
together the three parts, namely L, U0OU 1 U —L,. We
may interpret that the slope of the function has three
components, one being horizontal, one being like the
derivative of g(x) =x, another being vertically
upward, and the last one being vertically downward.

In contrast to the ordinary Riemann integral, the
multivalued Riemann integral always gives values.
Similarly to the multivalued derivative, it can be
employed to study different cases of failure handled in
[7].

Example 2: Let f be the function of Example 1,
where a = 1. Then, f has no Riemann integral in the
ordinary sense. Let n be a natural number. Let I =
[1,2] and P be the corresponding partition of the
arbitrary mesh.

n-1 1
feD G~ 1) 1€ [015] - @)
because for any c € [0,1], if we let x; =1< x, <
v <xp=1+c<xpqq < <X, =Db, xj is rational
for j =1,---,k, and x; is irrational for any other I’s,
- % 1+ 1
k=1 f () (e “xdx = 5(1 +¢)? —

_xk)_)fl
lec+Sas|P| -0
S=cC 2as||2 .

2 . . .

Thus, ¢+ = y(piry)€ J3 * f(X)dx. Since it s

. . c? 2
arbitrarily  close to 0, c+- € fl*f(x)dx.
Furthermore, since c is arbitrary, (3) follows. The
interpretation of this is that the integral is a “number”
that encompasses the whole interval [0,1 %]

Example 4: The so-called parametric integration in
[7] is also an example that may be undefined in the
ordinary sense. For example, fow cos x dx is undefined,
but fgo * cosx dx is a “number” with the truest values

obtained by sin L., — 1, namely the interval [—2,0].
Considering functions of the form f: R* — R* with
R*© {R_,}U{L,}UUgerfR_q a, Ly}, there are

some interesting facts, such as the following, which is
proven in [1] using a different approach.

Theorem 13. Value of the integral of infinitesimal
extension: Let f:1 — R be a real function, where [ is
an interval [a, b]. For any K € R U {0, —o0}, there is an

expansion f*:R* —» R* of f so that f:* f*(x)dx =K
regardless of the value of ff f(x)dx.

Proof: Suppose c€Il, M= f:f(x)dx, and
f(),if xel—(c,Ry),
frx) = (}I:I 9, ,if x € (¢,R.), with K* =
0, elsewhere,
K,if —0o <K <o,
L, if K=o,
R, ifK=-—
b % c
We calculate: [ f*(x)dx = [ * f(x)dx +

JFo fr@dx + [ f)dx

= [ FOdx + [+ (=) dx+ [ »
f)dx = fa fQo)dx + ch fQo)dx + fc
(%) dx.

So, kerfb * f*(x)dx

(f f(x)dx + ker f(x)dx>
+ ker f * (?—_?) dx

b Re (—(M — K*)
= f f(x)dx +kerf * | — | dx
a c R.—c
=M-(M-K)=K"=K.
Closely related to calculus is the issue of the sums
of series. Definition 2 gives functional equivalents of
sums of convergent series. The following are two

examples.
Example 5: Convergent series:

A Sra(-DM L =
n _ k+1l — Lo b=
{U(n,Lw)( k:l( 1) k) n= 112131 }

{v(l’L”)l' v(z,Lw)(%) ’ v(3,Lw)(§) ! v(1,Lw)(§) a }

Its kernel is the limit of the corresponding sequence.
o == n_ )= o
B. Zn:lnz - {V(Tl,Lw)( k:lkz) n=1,23, }

{v(l’L‘”)L v(z_Lm)(Z) ! V(3,Loo)(£) " v(4,Ly) (%i) 7 }

Again, its kernel is the limit of the corresponding
sequence.

However, Definition 8 also gives the values of the
sums of arbitrary series. This does not eliminate the
significance of convergence issues because they are
crucial in determining which sums are convertible to
real numbers and which ones are to be left as
multivalued numbers. The following example gives
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two well-known divergent series. For an interesting

number theoretic and probabilistic distribution
approach to sums of series, see [16].
Example 6. Divergent series:
© l — n l = T
ASp = {v(n'Lw)( i) =123, }

{v(l'Lw)l' v(2,LOO)(%) ! v(3,Lw)(1?1) ! 17(4,Lw)(£) a }

The corresponding sequence of this set is divergent.
B. Xh=1(-D"=
{v(n,Lw)(Z;cl=1(_1)k)|n =1,2,3, } —

{v(l,Loo)(_ D, v(Z,LOO)O' v(3,LOO)(_1)' v(4,Lw)0’ }
- {—1,0}.

Again, the corresponding
multivalued set is divergent.

For other approaches to the sums of divergent
series, see [17]. Before closing this section, for the
alternative approach employed in this paper, see [18].
There is an interesting account of specialized set theory
for analysis [19].

sequence of this

4. Conclusions

Using multivalued logic, one may record the
“history” of a set by encoding it in the form of truth
values for its elementhood. In the case of constructions
of arbitrary sets from finite sets, the elementhood
values are to be forgotten to classify them into “false”
and “non-false” since the aim is only to indicate the
construction  process. However, in calculus,
elementhood values are essential since they reveal what
objects we are ending with.

Besides the usage in sets, this logic provides a way
for statements that are not downright wrong to have a
chance to be expressed in the form of its truth value,
which is neither false nor true, most notably, when it
deals with paradoxes such as the Russell paradox.
Consequently, forbidden sets that are banned in the ZF
set theory reemerge, although not in the form of
ordinary sets but as multivalued sets. As a
consequence, those sets can no longer be unique
because multivalued sets are not determined by their
elements alone but by the values of the respective
elements.

The adventure with constructing sets from
sequences of finite sets opens a new practical and
encompassing method of giving truth values, namely
by sets and their negatives, more precisely, by their
equipollence classes.

Classical results come back in a more “tolerant”
nature as they do not necessarily judge things as right
and wrong. They reemerge as “kernels,” namely the
direction of statements toward the truest values. In
addition, more subtle facts and tendencies behind the
not-so-true world are revealed.

The main contribution of this paper is to view set
theory and calculus using multivalued logic, which

may be rewarding. In addition to the construction of
sets from finite ones, it also reveals a general usage of
equipollence classes and their negatives as truth values
when the elements involved may be too numerous than
the real numbers in the interval [0,1]. One of the novel
aspects of this paper is the use of multivalued logic in
recording abstract constructions of new mathematical
objects, a feature that might be worthwhile to be
studied algebraically.
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