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Abstract: So far, real numbers have not dealt with sums of arbitrary series or given answers to every
infinite operation application like 555555555, They surrender to the paradigm that not every continuous
function is differentiable, and no one is Riemann integrable. Likewise, set theory does not hint at existing number-
like entities that are as many as ordinals but retain field axioms or a set universe expressed as functions on natural
numbers with finite sets as its values, which is very unfortunate as there is no analysis for such entities. This paper
aims to unravel the blockades that hinder the solutions to such problems through something described as follows.
Suppose in a world of sequences of balls, every single color from red, green, and blue appears separately. They are
evaluated term by term by how they end up, and such a sequence is “green” if, in the end, all of them are green
balls. Such a sequence is darker than another if the former is eventually always darker than the latter. However, if
red and green boxes appear one after another forever, then it is more appropriate to describe them as red—green,
namely “yellow,” a color previously unknown. The above is how new colors occur in the presence of endless
sequences of colored balls. Such new objects would serve as solutions to the above problems. This research aims to
supply calculus with more than just real numbers, called constructed numbers, so that undefined notions such as
undefined derivatives or integrals, divergent sequences, can be given values in the hope that through these values,
they can be further studied in more detail. Another goal is to explore the Zemelo—Fraenkel set theory to view it one
step closer to the authors’ conjecture that everything in its universe and mathematics are expressible as sequences of
finite structures. Sets defined there are likewise called constructed sets. Objects such as constructed numbers or sets
they called directed set objects or constructed objects. These objects may not be completely tangible, but like a
telescope that can zoom the moon’s surface as sharply as anybody wishes but will never touch it. The directed set
method that produces constructed objects is the novelty of this study.

Keywords: directed set objects, constructed derivatives, constructed Riemann integrals, sums of arbitrary
series.
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1. Introduction

There are no real numbers to answer questions:
What is the sum of the series Y5, n?? What is the
answer to infinitely many operations like a; X a, +
as — ay -+ from left to right? What is the derivative of
the characteristic function y, (x) of rational numbers?

What is the value of fgo sin%dx? This paper tries to

provide answers that resemble real numbers to such
guestions while exploring things related to ordinal
numbers and set theory. The directed set method
employed here is an elaboration of allowing things to
change over time and turns our discussion from
ordinary objects to varieties of possible change tracks
with characterizations for each change track according
to its behavior near the end. Several issues must be
settled beforehand. First, what constitutes “time”
should be decided that is similar to the indices of a
sequence. To talk abstractly, this could be a total
ordering or even a lattice without a maximal element.
As it will be clear after a while, the existence of a
maximal element inhibits the emergence of novel
elements or objects, and the introduction of time would
be worthless. However, for the current paper, positive
real numbers R* or positive integers N suffice to be
used as “time” since what is needed is something
endless, like the progression of the integers
approaching infinity. However, real numbers are
preferable to integers when dealing with analysis. Also,
the former includes the latter. Hence, we decide R* the
positive reals for presentation.

Second, time, now R*, forms paths in a
mathematical structure, for example, real numbers or
sets. If new elements are desired, then characterization
criteria are needed to determine the properties and

relations of the new objects, including the reason why
they are unequal to old ones. The criteria are
represented by time-dependent sets S, of objects where
t > 0 so that a function x; with range G & U S; can
be evaluated whether x; € S; or x; & S; at each time t.
For example, a predicate P with variable x, namely, a
sentence about an indeterminate x, is defined true for
the function x, if the statement “P(x,)” is eventually
true; namely, there is t, > 0 so that {x;|P(x;)} € S;
for t > t,. A similar situation holds for predicates with
more than one indeterminate when the latter are
replaced by functions with range G: “P(x:, y:)” is
eventually true if there is t, so that
{xe, y)IP(xe, )} € Sp x S, for t = t,. If a property
or object is not eventually true, then it is an altogether
new property or object, or it may be recurring, as
discussed in the next section.

If the “time” has a maximal element, say 0.9, then
the concept of eventual truth means “true at 9,” which
allows no space for new properties or objects to

emerge. For example, let x; =% and S; = (t, ), for
t>0.Then P(x) ="0 <x <r"istrue forany r > 0
since for t > r, 0 < x; < r. Thus, x is a novel object
with previously unknown characteristics. If S; = (0,9]
then x = 5 is true since xg = % is true for t > 9. But we

already have % before, so there is nothing new.

For another example, let f: R* — U be a function
with U={{0,1,2,-,n}jln=12,--}, S, = f((t,))
for f(s) ={0,1,2,---,[s]} where [s] denotes the
smallest integer p so that p > s. Then, the sentence
“(Vvn € N)(n € f),” which states that “every natural
number is a member of f” holds since for each integer
n=>0, n€f(t) while f(t) €S, for any t =n. In



197

addition, the sentenceP(f) =“g € f” holds for
g(t) = In[t], because g(t) € f(t) € S; for any t > 0.
Thus, f can be the set of all natural numbers with
additional elements, not integers, such as g above,
because Inn is never an integer. Objects such as the
additional elements of f are new beings because they
are not equal to anything known before, hence the
name ‘“non-standard elements” for a nice obvious
approach to non-standard analysis [1] and a category-
theoretic approach to non-standard analysis [2].

By introducing criterion sets using R*, we present
new beings with new characteristics. In the following
sections, we introduce a new construct of derivatives in
calculus. The derivative is defined for arbitrary actual
functions, although they are not always real. Integrals
have similar traits. In set theory functions on R* with
finite sets as values can handle infinite sets as non-
standard objects, their power sets, and countably
infinitely repeated applications of power set operation.
It expects how gigantic a set can be from sequences of
finite sets through this method.

2. Basic Theory

This section is devoted to formalizing the discussion
of the last section a step further and to lay some
foundations and present some previous results for
further discussions.

Definition 1:
directing.

A. Let G be a non-empty set. A directed set P over
G is a tuple (G,D) where D = {S;};>¢ is a family of
sets Sy € G and G = U>q S¢. D is called the direction
of P, whereas G is called its ground (set). In this
situation, D is called the direction for G.

B. The collection of all variables that take values
in G is called the parameter of P. However,
oftentimes, it is more convenient to view the
parameter as a variable of G as it is aimed only to
standardize the variables on G.

C. Let Q(xq,x9,-:+,x,) be a predicate with
indeterminates  x;,x,,++,x,. Let fi:Rt > G,i=
1,2,--,n. Q(fi,fo . fn) is defined to be
(eventually) true if and only if there is a number
to>0 so that f;(t),f2(t), -, fr(t) €S and

Q(f1(0), fo(®), -+, f(©)) is satisfied for all ¢ > ¢,.

D. Let Q(xq,x5,--+,x,) be a predicate with
indeterminates  x;,x,,++,x,. Let fi:Rt > G,i=
1,2,--,n. Q(fy, f2, -+, fn) is defined to be recurring if
and only if for any natural number K there is a
number ¢, > K so that f; (o), f2(to), -+, fn(to) € S,

and Q(f1(to), f2(to), -+, fn (o)) is satisfied.

E. Objects obtained through the above procedures
are called directed set objects or simply constructed
objects.

For example, if p is a parameter of the directed set
(R*,{(t,®)}>0), the predicate “sinp € [—-1,1]” is
eventually true. The predicate “sinp =gq” is

Directed set, parameters, truth

recurringly true for ¢ € [—1,1] false for other values
of q.

A common variable, such as a real number variable
x can be viewed as a parameter of the directed set
(R,{S:}t>0) Where S, = R for all t > 0. Meanwhile, a
constant ¢ can be viewed as the parameter for the
directed set ({c}, {S:}t>0), Where S; = {c}.

The following is a general statement about the
effect of a function on directed sets. The proofs are
omitted because of their straightforward nature.

Theorem 2: Induced map on direct sets restriction
or expansion of directions.

A. Let D be a direction for G and f:G — H be a
function where H is a non-empty set. Then f(D) &
{f(Sp)}t>0 is a direction for f(G). The induced map
preserves the partial ordering of the direction D.

B. Let D = {S;};~o be a direction for G, then
D; & {S, }u>¢ is adirection for G; & Uyse St

Part B of Theorem 2 states that the ground and its
direction are relative to contexts and can be adjusted
arbitrarily if the “tail” remains the same. Hence a
parameter does not fully depend on the ground of its
directed set because depends only on the tail of its
direction.

Theorem 13 in [3] uses the symbol R_,, for the
parameter of the directed set

((=0,0), {(=0,=)}¢50), Rq for ((a, ), {(¢.a+

%)}»o)' L, for <(—oo, a),{(a,a +%)}t>0>, and Le,

for ((0,0),{(t,©)};=0). We cite the theorem as
follows:

Theorem 3: Interrelations between parameters. If a
and b are real numbers, unless specified, then:

a. —L,=R_, and —R, =L_,. Also: —L, =
R_,and —R_,, = L.

b == L, and L= R_.. Also,

Ry L

0

1
— =1L, and
R_co
1
Lo Ro

C. Iquto,i:Rl and — = L.
Ly b Rp b
d. a+Rb:Ra+Rb:Ra+b anda+Lb:La+
Ly = La+p.
e. a—Lb=Ra—Lb:Ra_b and a—Rb:La—

Rb = La—b-

f. If a,b>0 then aR, =R R, =R, and
alL, = LgL, = Lgp.

g. If ab<0 then aR, =R,R, =L, and

aLb = LaLb = Rab-
h. If a<0 but b>0 then aRb = LaRb = Lab
and aLb = RaLb = Rab-
i. If a>0 but b<O0 then aR, =R, and
LaRb = L—ab- Also aLb = Lab and RaLb = R—ab-
j. fa,b>0,2=Laand 28 = La Also, Z = La
Rp b Rp b Ly b

L
and - = Ra.
Lp b
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k. Ifa,b< 0,2 =Laand 28 = La. Also, % = Ra
Rp b b Lp

b b

L
and - = Ra.
Ly b

. fa<0, b>02<la<Zand2e<R, <
Rp b Ly Rp

L a a L R
=2 Ao, —<Ra<—and =2 < Ly, <=
Rp Ly D Rp Ly Ly
a R R
miIf a>0,b<0, La=— and 2<Ra<-=2
p Rp Rp p Lb
a L L
Also, Ra = —and =2 < La < -2,
» L Lp b Rp

Also, in [3], there is Theorem 14 cited below as

Theorem 4: Effect of monotone function on
parameters. If f is a function and a is in a
neighborhood in the domain of f, then:

a. If f is monotone increasing then f(L,) = Ly
and f(Rq) = R(q). AlsO f(Le) = Liim,_, f(x) and
f(R_w) = Liim,,_o f(2)-

b. If f is monotone decreasing then f(L,) =
Rewy and f(Ra) = Ly(a)- AlSO f(Loo) = Riim,0 £(x)
with limy_e |f(x)] < o and f(R_x) =
Liim, o, () Where lim,_,_o, |f(x)] < 0.

The following definition defines infinitely many
applications of operations that are instrumental to
ordinal-like and von Neumann universe-like
constructions in subsequent sections.

Definition 2: Infinite actions of operations. Let
a = (aq,ay,-,a,, ) be asequence of elements and
¥= (q,%5,* %,,-+) be a sequence of binary
operations. Suppose f is the function

[£]
f®) = szlak

= (( ((al %1 az) %3 az) *3 ) *t] a[t])
where [t] is the smallest integer k > t. Then * (@) is
defined to be f(L.). Because it is a step function, the
function f is sometimes written by abuse of notation
in sequential notation f = (f(1), f(2), f(3), ).

In the case where there is an occurrence of a unary
operation, say F(x), then one can define F*(x,x) &
F(x). In case there is an occurrence of a ternary
operation, say G(x,y,z), then one can split G into
G,(G1(x,¥)),z) & G(x,y,z). Therefore, Definition 2
is in fact much more general than it seems.

3. Research Method

This section deals with seemingly disparate topics,
but it will be seen later as of one spirit. Some notations
on variables are required.

3.1. Additional Results and Definitions

The definition below handles the symbolisms and
terminologies of variables.

Definition 3: Variable over a set, pre-parameters, set
operations on variables.

A. Let u be a variable that takes values from the
set U, and none otherwise. Then U is said to be the
range of u, and u is said to be a variable over U. This is

written as Range(u) = U. The set of all variables
ranging over U is called the pre-parameter over U. Its
notation is var(U). U is also called the range of
var(U), as often it is more convenient to view it as a
variable over U since this is only to standardize
variables over U.

B. By abuse of notation, if S = {c} then var({c})
is written as var(c) or even just c. var(c) is called a
singleton variable.

C. Set-theoretic notations are applied to pre-
parameters to mean new pre-parameters that range over
the corresponding applications to their respective
ranges. Therefore, for var(u) and var(V), their union
var(U) Uwvar(V) is var(U U V). Similarly, the meet
var(U) nvar(V) is defined as var(UNV), and so
on.

Hence, according to Definition 3, Uyey var(u) =
var(U), since  Uyeyvar(u) = var(Uyeyiul}) =
var(U).

For parameters of directed sets, the application of
set theoretic operation adapts to

Definition 4: Set operations on parameters over
directed sets. Let D = {S;};>o and E = {U;};~o be
directions with grounds S and U respectively. Let s and
u be their respective parameters. Then suUt has
direction F ={S; U U;};~, and ground G =SUU.
While s N t has direction F = {S; N U;};>, and ground
G=SnU.

The following is to add some more results to
Theorems 3 and 4 above.

Theorem 5: Further properties of the parameters.
Let a and b be real numbers. Then:

a. L, + R, = var{a}.
b. LyR, = var{ab}.
c. Lo — Ry =R, — Ry, =var{a+ b}.
d. Lo,VaVUR, =var{a}.
var®, ifa<bh,
e. L, N R, =3 var{a}, if a>b,
var(b, a), if b<a.
f. R_,+ L, =var(R).
Proof:

a. The parameters L, and R}, have generic elements
of their directions (a — 1, a) and (b, b+ l)
t t

respectively. Therefore, their sum at t is (a+b—
%,a+b+%). Hence, L, + R, has a direction that

meets in the form of {a + b}. Hence, the end point
a + b determines everything. Therefore, Range(L, +
Ry) ={a + b}.

b. The parameters L, and R,;, have generic elements

of their directions (a - % a) and (b, b+ %)
respectively. Therefore, their product at t is (u,v)
where  u = min ((a — %) b,a (b + %)) and v=

max((a—%)b,a(b +%)) But (a—%)b =ab—%
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and a(b +%)=ab +%. Hence, the end point ab
determines everything. Therefore, Range(L,R;) =

{ab}.

c. By Theorem 2.2 and Part b, L, — L, = L, + Ry
which by Part a, has range {a + b}.

d. At time ¢t>0, Range(Lo,UaUR,)=

1 1 1 1 .
(a—?,a) U{a}U(a,a+?) = (a—?,a+?). Since
a is the only point that is always in the range, it

determines every property of the objects directed by it.
Hence, it amounts to saying that the range is {a}.

e. At time t, Range(L,NR,) = (a —%,a) n
(b,b +%) If a <b then the range is @. If a =b,
clearly it is {a}. If b < a then if t is large enough, then

1 1 1 1
b<b+i<a-l<a But (a——,a)n(b,b+—) =
t t t t
(b + % a— 1), so that (b, @) is the range.

f. Since Range(R_.,) and Range(L,,) are (—o,0)
and (0, ) respectively, then Range(R_,, + L,,) = R

3.2. Constructed Derivatives and Integrals
In calculus, cf. [4], the main idea of the derivative
of f at a is the quotient of the form fx'y(a) =

{fxy||x y| = d}. Therefore, the definition f'(a) =
lim,_,,, fx,y (a) may be described with d replaced by
R, obtaining:

Definition 5: Constructed derivative. Let f be a
function and a is in the interior of its domain. The
constructed derivative of f at a is f*(a) = fR'O(a),
where f;(a) = var{f,,|lx — y| = d}.

Theorem 6: Constructed derivative extends ordinary
derivative. If f is a function differentiable in the
ordinary sense, then f*(a) = f'(a).

Proof: Let f be a function differentiable at a point
a. Given € >0, there is § > 0 so that %ﬁ@)—

f’(a)| < &, provided that |x — y| < 8. Thus fs(a) S

(f'(@)—¢f'(a)+¢). Since & is arbitrary, then
f*(a) = f(a), since the latter is always contained in
(f'(a) —&f(a)+ s).

Some usual theorems about derivatives in Calculus
may have to be modified. For example, the following:

Theorem 7: The chain rule. Suppose f: B — C and
9:A - B.Then, (f e g)*(a) = (f* ° g)(@)g"(a).

When g is not constant at a neighborhood of a,
otherwise the left-hand side must be calculated directly.

Proof: From Definition 5, we obtain:

yl = Ro}-

(f e 9) (@) = (f ° g)g, (@)
= var{(f ° 9y (@)|lx —y| = Ry}
{(f 9)(x) - (f Q) ‘“

But when g(x) — g(y) * 0,

feg))-(f90)

xX—=y
_ e —(feg)ly) gx) —gO)
g -9y x-y
= fry(9(@) - gr, (@)

If g(x) = g(0) it is undefined in the above line of
derivation, while calculating directly from the
definition, (f o g)*(a) is still defined.

Some theorems, however, retain their original form.
For example:

Theorem 8: Multiplication rule. Let f,g: A = R be
two functions. Then, (fg)*(a) = f*(a)g(a) +
f@g*(a).

Proof: From Definition 5, we obtain:

(f9)" (@) = (f9r, (@)
= var{(fg)xy(@|lx = y| = Ro}
{(fg)( x) - (FPB) ‘II

y=ro}

However, the followmg holds:

) - (g9

x—y
_f )gx) = fgx) + gl — fFOgy)
x—y
f&x) - f») g)—g®)
===y Y g+ f(y )?

= fr,(@)g(a) + f(a)gr, (@)

To talk about Riemann integration, cf. [4], it is
indispensable to precede it with the definitions of
partition and its mesh, as well as the choice function
for each subinterval resulting from the partition.

Definition 6: Mesh of a partition. Let (a,b) be a
real interval, where a = —oo or b = o are also allowed.
A partition of I is a finite sequence P = (x4, X, ", X,)
sothat a = x; <x, <+ <x, =hb. The mesh of P is
the number max{x; — xx_,|k = 2,3,:--,n}. The mesh
of the partition P is written as |P|.

The main idea behind the Riemann integral of f
over the interval [a,b] is the sum of the form
S(f: P, d! G) = g:lf(xlt)(xk+1 - xk) for X € P,
where P is a partition of [a, b] with |P| =d and ¢ is
called a choice function for P, fulfilling
o([xp, xk41]) = xf € [xp, xp41] fOrk =1,2,---,n — 1.

Thus, the Riemann integral can be constructed as
follows:

Definition 7: Constructed Riemann integral. Let f
be a function defined on the closed interval [a, b]. For
any natural number n, let

w(n) =

{S(f,P, 0)| o is a choice function for P, |P| =
o
n

Let u(x) =w([x]), for x > 0. Let s(x) be a
variable ranging over u(x). The constructed Riemann

integral is given by f * fx)dx € u(Ly).
Theorem 9: Constructed integrals extend ordinary
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integrals. If f is a function that is integrable in the
ordinary sense, then ff*f(x)dx = f;f(x)dx.

Proof: Suppose f is a function with fff(x)dx
exists. Given € > 0 there is § > 0 so that for any
partition P with mesh less than §, and any o,
S(f,P,0) — f:f(x)dx| <e&. Then any member
q € u(n) with %< 5 satisfies |q - f: f(x)dx| <e.
Hence, we can conclude that u(L,,) = fff(x)dx since
the latter is always contained in (q — ¢,q + ¢€), where
q € u(n) wheren > %.

One of the immediately emerging theorems about
constructed integration is as follows.

Theorem 10: Integration by parts looks like. Let
f,g:1 = R where [ is an interval. Then,fl*fdg =

Jix (fg)*dx — [ gdf, where df =f*dx and
dg = g*dx
Proof: By Theorem 8, [*(fg)"(x)dx =

S (fr(0)g(x) + f(x)g* (x))dx =
Jx fre0)g(x)dx + [ f(x) g™ (x)dx.

Therefore, [+ f(x)g*(x)dx = [ * (fg)* (x)dx —
S fre0)gx)dx.

Among what is not clear yet is the relationship
between [+ (fg)*(x)dx and fg.

For multivariate calculus, see [5]. It can be used to
define a multivariate version of constructed Riemann
integrals.

Directed set construction might be applied to other
types of integrals, such as those discussed in [6]. For
another concept which is reminiscent of integrals called
an inteduct studied in [7]. Of course, the directed set
approach can generalize interacts as well.

3.3. Natural Numbers and Power Sets

Returning to the set theoretic world, which begins
with finite sets of natural numbers discussed in the
Introduction, we now aim at the Cantor Theorem in the
hope of proving that constructions with finite-set-
valued functions are at least as good as the set universe
of set theory. The Cantor Theorem states that any set
can never be put into one-to-one correspondence with
its power set. Now we prove why a certain construction
with finite sets forms an object equivalent to the power
set of natural numbers.

Definition 8: Standard part of a constructed set,
super-standard part of a constructed subset.

A. Let f: L, — U be a function where U is a family
of sets. Then, the standard part of f is o(f) =
{u € f|u is eventually costant}.

B. For any set X, let P(X) denote the power set of
X, thatis {Y|Y c X}.

C. Let f: Lo = {P(S)}sey be a function where U is
a family of sets, so that f(t) = P(S) for some S € U.
Then, the super-standard part of f is u(f) ={ue€

flu s a($)}

The theorem above states that the finite set valued
function version of the power set can be interpreted as
equal to the normal power set of N when only standard
elements are concerned.

Theorem 11: Let S(¢t) = [[t]] & {1,2,---,[¢t]} for
t>0. Let the power set function P(S):L, —
{P(S(t))}t>0 be defined as P(S)(¢) & P(S(t)) for
t > 0. Then u(P(S)) = P(N), where N = {1,2,-+}.

Proof: Suppose that X € u(P(S)). Then X <€ o(S).
Hence, X € N. So, u(P(S)) € P(N). Conversely, let
M € P(N). Then M S N. Let M*={m*lme M}
where m*(t) = m for ¢t > 0. But then M* € u(P(S)).
So, P(N) < u(P(S)), establishing P(N) = u(P(N)).

Using the same reasoning, k times of applying
power set operation to the constructed version of N
gives a constructed version of P*(N). Now, we reason
that a certain construction with finite sets is equivalent
to the infinite-fold power set of natural numbers. The
definition below assumes Zermelo—Fraenkel, namely
the ZF set theory, especially the Axiom of Regularity.
As a digression, for an account of Russell’s paradox,
see [8].

Definition 9: Consistent elements; consistent part of
infinite power set; equality of constructed elements and
elements of the infinite power set. All the sequences
below are the sequential notation of Definition 2 for
functions on R™.

a.  An element U € [[¢., P*¥(N) & P(N) x
PP(N) x ---x P™(N) is called consistent f U,_, € Uy
for all k=1,2,--n. Likewise, U € [[g=; P*(N) is
called consistent if U,_; € Uy forall k = 1,2, n.

b. Suppose X = [[%=; P*¥(N). Then, the consistent
part of X is k(X) & {U € X|U is consistent}.

c. Suppose U € [I5-; P¥(N) and V € P®(N). Then
by Axiom of Regularity in ZF, there is an integer k so
that V=V, =V, 3 V,_1 33V, for some V, that
has no element further, namely @ or an atom. U is said
to be equal to V if there are U; € P(N), U, € P?(N), -+
withVy =Uy, € a(Uy) =V, €0(U,) =V, € EV.

Now, we are ready to prove that

Theorem 12: k(=1 P*¥(N)) = P®(N), where
P*(N) =---P(P(P(N).

Proof: Suppose U € k([Ij=, P¥(N)). Since U is
consistent, then (U, U,,--+) corresponds to the
development of an element of P*(N). To see this,
assume that no element of P (N) has development
that corresponds to U. Then, there is an integer n so
that U(n) does not correspond to any element of
P*(N). But Unm—1)eU(n) so that U(n) =
{U,_13uUX for some X < P™(N), while for any
Y € P*(N), YU{U,_1} is a legitimate candidate for
U,,. A contradictory situation. Therefore, it must be the
case that U corresponds to the development of an
element V of P*(N). Hence U=V. Thus

k(Ti=1 P¥(N)) € P2 (N).
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Conversely, assume W € P*(N). Then, by the
Axiom of Regularity, there is an integer k so that
W =W, =W, 3 Wy_q 33 W, for some W, that
has no element. Then starting from W,, there is W, so
that W, € W; and W; leads to the development of W at
stage 1. Continuing, there is W, so that W; € W, and
W, leads to the development of W at stage 2. and so
on. Thus (Wy, Wy, -+ ) is an element of x([T=, P¥(N))
that is regarded equal to W. Therefore,
k([Ti=, P*(N)) 2 P(N), establishing
k([Ti=1 P¥(N)) = P2 (N).

The theorem above states that P (N) can still be
accommodated by a construction with finite sets.

The next section presents further discussions.

4. Results and Discussion

This section considers the consequences, examples,
and applications of what was developed in the last
section. Our results on numbers are comparable to
surreal numbers [9]. [10] presents an interesting
account of the structure of surreal number birthdays.

4.1. Limits of Functions, Constructed Derivatives
and Integrals, and Sums of Infinite Series
The constructed derivative of functions in
Definition 5 always exists, in contrast to the ordinary
derivative. It may be helpful because it distinguishes
different cases of failure of ordinary derivatives.
Example 1: At x = 0, the function

_ (L,if x is rational,
fl) = { 0, otherwise,
has no derivative in the ordinary sense. For d > 0
where d=x—1y,
0, ifx,y€Qorx,y€Q,
f-fo» _ )L ifx€Q,yeo,
=t fx€Qy&qQ
- if x2Q,y€Q.
* 1 1
Thus £*(0) = var (Uaso {0,5.—2}).

Hence, f*(0) = L, UO0UR_,.

We may interpret that the slope of the function has
three components, one being horizontal, another being
vertically upward, and the last one being vertically
downward.

Similar to its derivative counterpart, the constructed
Riemann integral of Definition 7 gives values to any
choice of function, in contrast to the ordinary Riemann
integral. Again, similar to the constructed derivative, it
may be helpful to study different cases of failure, as in
[3].

Example 2: Let f be example's function 2. Then f
has no Riemann integral in the ordinary sense. Let n be
a natural number. Then, Y721 £(xp) (Xp4r — Xx) =
var([0,b — a]) because for any c € [0,b — a], if we
letx; =a< x,=a+c<x3<-<x,=>b,and x;
rational, while x; irrational for the rest of k’s, then

1 f Qo) (s — %) = c.

Therefore, referring to Definition 3.2, w(n) =
[0,b — a]. Therefore, f;*f(x)dx as a variable has
range [0,b — a].

Example 3: The so-called parametric integration in
[3] is also an example that may be undefined in the

ordinary sense. For example, fgo sinx dx is undefined,
but fgo* sinx dx = — cos(L.,).

Considering functions of the form f: R* - R* with
R* & {R__YU{R_4 a,Ls}aer U {Ly,}, there are some
interesting facts such as the following:

Theorem 13: Let f:1 — R be a real function where I
is an interval [a, b]. For any K € R U {o0, —0}, there is
an expansion f*: R* = R* of f so that f;* fr(x)dx =
K regardless of the value of f: f(x)dx.

Proof: Suppose c € I, M = f:f(x)dx, and

fQ),if x €1,
—(M-K*
fr(x) = {%,ifx = dR.,where d € (0,1),
. —
k 0, elsewhere,
K,if —0o <K <,
with K* =< L, if K=o,

R_, IfK=—wx.
Then

fb* fr(x)dx = fb* f(x)dx + fRC* fr(x)dx

= f Foodx + f -, (‘(R{”—:f)> dx

=M-(M-K*)=K*=K.

Closely related to calculus is the issue of the sums
of series. Definition 2 gives the functional equivalents
of the sums of convergent series. The following are two
examples.

Example 4:

3 Tima D™ L= (R (D)

5 2
= (1. g )
5 49 405 )

o 1 n=oo

b Sias = (Zhai), L, = (L350 55)

However, Definition 2 also gives the values of the
sums of arbitrary series. This does not eliminate the
importance of convergence issues because they are
crucial in determining which sums are convertible to
real numbers and which ones are to be left as non-
standard numbers. The following example gives two
well-known divergent series. For the number theoretic
and probability distribution approach to sums of series,
see [11].

Example 5:

w 1 1\=* 3 11 50
2 Tiery = (Bharg),, = (L35 50)
b. Trei (1" = (ZRea(-DF) T =
(-1,0,-1,0,--) =0U —1.

For other approaches to the sums of divergent
series, see [12].

Nn=oo

n=1

_ N
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4.2. Universe of Sets and Ordinal-Like
Constructions

The following theorem is derived almost verbatim
as in Theorems 8 and 9 by replacing power set
operation P(X) with V(X) & X U P(X). Hence, the
proof is omitted.

Theorem 14: Let S be a set definable as a standard
part of a finite set construction with a directed set. Then
so isV(S) and V*(S).

The von Neumann Universe is the union V = U, V,
where a runs over all ordinal numbers. Here V, = @,
Vgr1 =VgUPVp), and V3 = Uy, if 4 is a limit
ordinal. V in Set Theory can be imitated in the lines of
Theorems 8 and 9. The proof below assumes that
“Every infinite set is a countable union of smaller sets”

[13] proves that in his model, this assumption holds.

Theorem 15: For any ordinal number «, the a-th
von Neumann universe V, is definable as a construction
with finite sets.

Proof: V, = @ clearly corresponds to the constant
directed set var(®). Suppose a=pf+1 and Vg

satisfies the theorem. Then V, =V UP(Vp). By
Theorem 11, there are constructed versions VE and

P(VB)* of Vz and P (V) respectively. Hence, there is a
constructed version V;° of their union V. Suppose « is
a limit ordinal and that any subset of V, with smaller
cardinality has a constructed version. By (+), V, =
Un=1W,, where W, is of smaller cardinality than V.
Suppose W, is a constructed version of W,,. Then,
employing Definition 2, Uj-; W, Iis a constructed
version of V,.

From Theorem 15, we know that the constructed
universe of finite sets is as good as the von Neumann
universe, albeit under a certain assumption (+).

Lastly, let us take a glimpse at ordinal-like
construction. To mimic ordinal numbers in set theory,
one considers additions of 1 to 0 which may be
infinitely many times. In conformity with Definition 2,
0¥ 1+1+1+-- is produced by the number-
sequence (1,1,1,---) and the operation-sequence
(+,+,+, ), namely (1,1+1,1+1+1,-)=
(1,2,3,---), where the sequence notation denotes the
real function o(x) = [x].

The process can be continued indefinitely in the
following manner:

0+1=(123,)+(L11,-) =(234,-),

0+1=(234,-)+11,-)=(345-),
and so on.

20=2-(1,23,:--) = (2,4,6, =o0+o,

) = ( o)
30=3-(1,23,---) =(3,6,9,:+),

and so on.
02=0-0=(123,-)-(1,23,) = (1,4,9,-),
03 = (0-0) 0= ((1,2,3,...) . (1’2}3’...)) .

(1,2,3,-++) = (13,283,33,---)(1,8,27,++),

and so on.

0° = (1,2,3,---)®23) = (1122 33 ...),

0°° = (1",2%°,3%,...), and so on.

The Cantor Normal Form vyields that every ordinal
number has the form whn + wPr-1 + ... 4 @wPo ... (%)
for some ordinals g8, = 8, = - = B,. It is natural to
conjecture that the ordinal (*) is expressible n in the
form  oPn + oPn-1 4 .. 4 oPo ... (xx), where b, >
b,_1 < -+ < b, are already obtained.

Therefore, we can at least propose a conjecture that
there is 1-1 correspondence between the ordinals and
their constructed versions, namely (x) and (xx). They
cannot be isomorphic because unlike the constructed
versions, addition and multiplication of ordinals are not
always in conformity with the field axioms. However,
Theorem 15 indirectly proves this conjecture under
assumption (+).

One advantage of constructed ordinal numbers over
ordinal numbers is their operability to common
functions previously known only to real numbers.
Since operations on time functions are carried out term
wise, any operation on ordinal numbers is performed
similarly.  For example, Vo = (V1,v2,V3,-),
sinw = (sin1,sin 2, sin 3), and so on.

As a comparative study, for an obvious development
of ordinals, cf. [14], for the development of real
numbers from sets, cf. [15] , and for overall set theory,
cf. [16].

5. Conclusion

Using directed sets, nested directions, namely the
ones eventually becoming ever smaller, capture
specific non-standard individual objects such as
infinitesimal and infinite numbers, sums of infinitely
many operations such as sums of series or ordinal-like
numbers. While expanding directions, namely the ones
eventually  becoming ever more, capture
comprehensive collections of objects such as infinite
sets from finite sets, even their power sets, or infinitely
many times of the power set operation.

The derivative of functions can be constructed with
parameters for the distance of two points where the
slope is measured. The definition coincides with the
usual derivative when the latter is defined, whereas in
other cases, it may end up in non-standard numbers.

The Riemann integral of functions over an interval
can use parameters for the mesh of partition that
defines the approximating sum. The definition
coincides with the usual Riemann integral when
defining the latter, whereas in other cases, it may end
up in non-standard numbers.

The constructed calculus modifies some theorems
and also retains some of them. However, the standard
part is still exactly as it is in classical calculus.

Ordinal numbers are constructed through a
definition of infinitely many applications of numerical
operations, namely the repeated addition of the number
1, where indefinitely many times is allowed. However,
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the resulting objects are not exactly ordinal numbers
because the former is commutative; it is possible to
assume that they have one-to-one correspondence.

There is a construction with finite sets that produces
the set of all-natural numbers when considering only
standard numbers. The power set of this set is also
reproducible as a constructed object, similarly with
infinitely many applications of power set operation to
this set. The universe of a set is within the universe of
constructed sets, but it remains a conjecture expressed
as one.

The paper contributes to introducing constructions
using directed sets and applying them to fill the gaps
left by conventional mathematics. After filling the
gaps, they are subject to further study. In addition, the
result states that the universe of directed sets of finite
sets is as good as the von Neumann universe, which
also entails a number system corresponding to ordinal
numbers but retaining field properties.

Hence, we hope this paper will further the studies of
some undefined notions in calculus. In addition, it is
possible to approximate a little closer to light that
mathematics can express (almost) all within the
Cermelo—Frenkel universe as finite sequences of finite
structures. Hopefully, the directed set approach can still
be simplified further in the future to provide more
benefits.
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