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Abstract: This paper studies a two-dimensional wave equation in the presence of power and derivative
nonlinearity subject to suitable initial conditions. It aims to construct the exact-analytical solution of a two-
dimensional nonlinear wave equation using two different semi-analytical methods and to compare the obtained
results. First, a well-known Adomian decomposition method (ADM) based on operators is employed. Many
researchers use the ADM to investigate several scientific applications, and this method straightforwardly attacks the
problem without using linearization, discretization, perturbation, or any other restrictive assumption that may
change the physical behavior of the problem. Second, the variational iteration method (VIM) also provides rapid
convergent successive approximations of the closed-form solutions if it exists; otherwise, it provides an
approximation of a high degree accuracy level even in case of few obtained iterations. The obtained results are
drawn graphically and presented in the tables. Both methods provide almost the same solutions in each nonlinearity
case, and VIM has computational advantages over ADM in computation size. Further, ADM and VIM provide a
series of solutions that converge in a very small time domain, which limits these methods.

Keywords: Adomian decomposition method, variational iteration method, approximations, partial
differential equations, two-dimensional wave equation.
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1. Introduction

Partial differential equations (PDEs) can govern
most of the phenomena that arise in scientific,
engineering, and mathematical physical fields. For
example, PDEs describe the physical phenomena of
fluid dynamics, quantum mechanics, electricity, plasma
physics, propagation of shallow water waves, and heat
flow. All of these phenomena are put in the form of
linear or nonlinear equations. Many methods and tools
have been proposed to find exact solutions to such
PDEs, but most of the time, it is not easy to find the
exact solution of PDEs due to many difficulties such as
the presence of nonlinear terms, non-classical boundary
data, inhomogeneous terms, and mixed order
derivatives. For such differential equations, researchers
propose exact-analytical or numerical solutions such as
two timescale perturbation methods [1-5], homotopy
perturbation method [6-10], Adomian decomposition
method (ADM) [11-16], variational iteration method
[17-20], reduced differential transform method [21-22],
modified ADM [23-25], numerical methods [26-28],
and many others. Recently many researchers used the
ADM to construct an exact (if it exists) or exact-
analytical solution for many physical models. The
ADM can apply to all types of differential equations
straightforwardly, and this method does not require any
unnecessary assumptions that may change the
geometrical and physical aspects of the problem. This
method is applicable for homogenous and
inhomogeneous boundary conditions, and there is no
need to convert inhomogeneous boundary conditions to
homogeneous conditions as required in the method of
separation of variables. Despite many advantages of
this method, there is the main issue of the region and
the rate of convergence. Due to the slow convergence
rate in a wider time domain, it provides an erroneous
solution in that domain of time. Recently many authors
[29-32] have used the Adomian decompositions
method to study linear and nonlinear ordinary and
partial differential equations, fractional differential
equations, delay differential equations, stochastic
differential equations, and integrodifferential equations.
The variational iteration method is another powerful
tool used frequently to study all types of mathematical
models, and this method does not require any
transformation of the problem and can be used
straightforwardly like ADM. In the VIM, there is no
separate treatment for nonlinear terms as required
Adomian polynomials are required in the ADM, which

increase the computational time. Recently many
comparative studies [33-38] have been done to
investigate the efficiency, reliability, and accuracy of
different approximated methods for many linear and
nonlinear mathematical models.

In this work, we will study a two-dimensional wave
equation in the presence of power and derivative
nonlinearity subject to suitable initial conditions. Let us
consider a two-dimensional nonlinear wave equation
with suitable initial conditions given as

Uy = cz(uxx + uyy) + F(u) (D

Subjects to initial conditions are considered as
u(x'y' 0) = f(x,}’) and ut(xly' 0) = g(x'y) (2)
where u(x,y,0) and wu;(x,y,0) are the initial
displacement and velocity, respectively; differentiable
functions f and g are twice differentiable functions;

T . .
c= \/l; is wave speed; T and p are constant tension

and density per unit length, and finally F(u) represents
the nonlinear term in general form. This paper aims to
construct the approximations of the solutions for a two-
dimensional homogeneous nonlinear wave equation.
The approximated solutions are obtained by ADM and
VIM, and obtained results are compared in terms of
tables and graphical illustrations.

2. Methodology

In this section, we will discuss the methods to be
applied for constructing the approximations of the
solution of the problem given in Egs. (1) and (2).

2.1. Adomian Decomposition Method (ADM)
To apply the ADM to Egs. (1) and (2), we first write
them in terms of the operator as
Leu(x,y,t) = c? [Lx (u(x, v, t)) +L, (u(x, v, t))]
+F(u) 3)
where Ly = uy, Ly = uy, and L, = u,, ; the inverse
operator L;' is the multiple integral that is
Lt = fot fot dtdt. By applying the inverse differential
operator L; 1on both sides of Eq. (3) and using Eq. (2),
it yields:
u(x,y,t) = f(x,y) +tg(x,y)
+ 2L Ly (ulx, y, 1))
+L, (u(x, Y, t))]
+ L [F@W)] (4
Let us suppose that the solution of Eq. (4) is given
in series form:
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u(x,%t)=zun=u0+u1+u2+... (5)

n=0
By setting Eq. (5) into Eq. (4), it yields:

Z U, (x,y,t)

n=0
=f+tg+ Lt Lx< un)+L ( un>
r; g n=0
+ L [F)] (6)

On expanding the summation in Eq. (6) and by
collecting the terms outside the operators, which are
considered zeroth-order approximations and the
remaining terms can be obtained using recursive
relations:

up = (f +tg),and up 44

=L || L, <Z un>
n=0
+1L, <z un) + L71(4,),n

n=0
=012, (7)
where the Adomian polynomials for nonlinear
terms F(u) can be obtained as

1an [ (.,
F Zklni forn =0,1,2... (8)
i=0 2=0

n T nrdan

After computing all the components, the required
approximated solution can be constructed using Eg.
(5). For detail, an understanding of the ADM reader is
referred to [39].

2.2. Variational Iteration Method (VIM)

Consider the differential equation in operators form
given as

Lw)+N@w) =g 9
where L is the linear operator, N represents the
nonlinear part of the differential equation and g is the
source term of the differential equation. The
correctional function for solving the nonlinear partial
differential equation given in Eq. (9) is defined as

Ui O = (©)
n jo AO[(Lun (©) + Ny (6)
— 9(®)]de (10)

where 4 is a general Lagrange multiplier, which can be
identified optimally via the variation theory [40]. After
computing the components using Eq. (10), make the
sum of all components; it will provide an approximate
solution to a given problem.

3. Results — Approximations of the

Solutions
In this section, we will construct the approximate

solutions for different cases of nonlinearity for a two-
dimensional wave equation as given in Eqg. (1), subject
to the initial conditions given in Eg. (2) via ADM and
VIM.

3.1. Problem 1: A Two-Dimensional Wave
Equation with Power Nonlinearity

Let us consider a two-dimensional wave equation
with power nonlinearity:

_1 2 11
utt—z(uxx+uyy)+u (1)

Subjects to the specified initial conditions are
considered as:
u(x,y,0) =1 and u,(x,y,0) = eX* (12)

3.1.1. Solution by the ADM

To determine the terms of the decomposition of the
solution u(x, y, t) of Eqg. (5) we use Eq. (7), the first
approximation is obtained by the initial conditions and
iS given as

uo(x,y,t) = (1 + te*t?) (13)

Furthermore, the other remaining terms can be
obtained using the recursive relation given as

1
U1 (X, y,t) = ELt [Lx(un) + Ly]

+ L1 (4), (14)
The zeroth order Adomian polynomial for the
nonlinear term can be obtained using Eq. (8) and is
given as
Ay =uf = (14 2te™ +t2e2H))  (15)
Thus, to obtain the first approximation of the
component we put it into Eq. (14) and by

using uq (x,y, t)n = 0 (13) and (15), it yields:
2 43 4

t t
ul(x.}’; t) = <7+?ex+y +E€2(x+y)> (16)

To compute the next component of the solution, first
we obtain the Adomian polynomial by using Eqg. (8); it
yields:

Al = 2u0u1 = (

The next component of the solution can be obtained
by setting n = 1 into Eq. (14) and by using the (16)
and (17), it yields:

t2 + 2t3e*ty
+£t462(x+y)+%t563(x+y)> (17)

4 5
%+t—ex+y
wEyn= o, 2 %, (18)
Z o2(x+y) o = ,3(x+y)
t20° t252¢

The third component of the solutions can be
obtained in a similar manner but it takes more
computational work. Thus, the solution up to second

approximations is given as
u(x,y,t) =ug+u; +uy + -

t2 ot t3
= o 1) exty
<1+ 5 +12>+(t+ 5+ 8>e

A WY S AT
_ _ 2(x+y _ ,3(x+y
+<12+20>e *252°

+ o (19)
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3.1.2. Solution by VIM

Next, we will construct the solution of the same
initial value problem given in Egs. (11) and (12) by
using VIM. Thus by variational functional for Eq. (11)
is given as follows:

Iin.+],(x,3y,t) = lln,(x,)f,t)

t/l 0%u, 10%u, 10%u,
+f0 © [( 982 2 9x% 2 dy?
- un2>] d'f (20)

The stationary conditions for the problem given in
Eqg. (20) are given as follows:

(1 _A_ )lfzt = Oillf:t = 0 and/’l |f:t = 0 (21)

Thus, the value of Lagrange’s multiplier is given
below:

A= -1) (22)

To compute the first iteration we use Eqg. (13) into
(20) and the Lagrange value given in Eq. (22); it yields:

t? t3
/1+——+te“7+~—e“7\

lll(xBJV't) = \\ t4 //
—__p2(x+y)
+12e

Similarly for n = 1 Eq. (20), the next iteration is
t2 ottt
Uy = <1+—+—+—>

(23)

2 12120
bbb —— o — | ¥ty
+<+2+10+126+90>e

t* 6 B
a4 | e2k+y)
* <12 T 288>e

t’ t9 tt o
* <ﬁ+ 1296) <E+ 36
8

e3(x+y)

288)

+10

12960

The same process can be continued for computing

higher components, but it requires more computational

work. Thus the approximate solution up to second
order is given as

t2 t* t®
u=(1+—+—+—>

t
4+ —

4(x+y)

e (24)

2 T12 7120
f bt ——— | exty
+< T2 +10+126+90>e
t* % 8
4o ) p2kxty)
+<12+36+288 ¢
t’ t9 t* o
* <ﬁ+ 1296) <E+ 36
t8 ) ;
- (x+y) 4(x+y)
T 288/ ¢ *12960°
+ o (25)

It is essential
solutions for

to mention that approximated
a two-dimensional wave equation

obtained by ADM and VIM, as given in Eg. (19) and
(25), satisfy both initial conditions of the problem.

It can be easily observed from Table 1 that the
approximations of solutions for a two-dimensional
wave equation with power nonlinearity obtained by
ADM and VIM are correct up to 6 decimal places.

(b)
Fig. 1 Approximations of the solutions for the two-dimensional
wave equation with power nonlinearity: (a) ADM and (b) VIM for
x =1[0.101,0.1095],y = [0.151,0.66] and t = 0.05

The graphical illustration in Fig. 1 of the
approximate solutions obtained by ADM and VIM
clearly shows that both methods yield almost similar
approximate solutions, which are correct up to 6
decimal places, as shown in Table 1.

Table 1 Approximations of the solutions for power nonlinearity

case

t x y ADM VIM [ADM-VIM]
0.01 | 0.101 | 0.151 | 1.0120166038 | 1.0120166038 0

002 | 0.102 | 0.11 | 1.0249032200 | 1.0249032209 0

0.03 | 0.103 | 025 | 1.0431266598 | 1.0431266589 | 0.0000000008
0.04 | 0.104 | 031 | 1.0613028845 | 1.0613028805 | 0.0000000039
0.05 | 0.105 | 0.355 | 1.0804357265 | 1.0804337137 | 0.0000000128
0.06 | 0.106 | 041 | 1.1023027824 | 1.1023027483 | 0.0000000341
0.07 | 0.107 | 0.455 | 11252444108 | 1.1252443415 | 0.0000000782
0.08 | 0.108 | 0.51 | 11516619341 | 1.1577982522 | 0.0000001715
0.00 | 0.100 | 0.55 | 11781288179 | 1.1781285036 | 0.0000003122
01 [0.1095 | 0.66 | 1.2212398360 | 1.2212392278 | 0.0000006082

3.2. Problem 2: A Two-Dimensional Wave Equation

with Derivative Nonlinearity

Let us consider a two-dimensional wave equation
with power nonlinearity as follows:

1
Uy = E (uxx + uyy) + u,zc

(26)

Subjects to the specified initial conditions are

considered as
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u(x,y,0) = 1and u,(x,y,0) = e**” (27)
3.2.1. Solution by the ADM
To determine the first term of the decomposition of
the solution u(x,y,t) of Eq. (5) we use Eq. (7); it
yields:
ug(x, y,t) = (1 + te*t?) (28)
Other remaining terms can be obtained using the
recursive relation given as
1 L.(u
un+1(x! Y, t) = EL;l [+Zy((£3)
>0 (29)
The zeroth order Adomian polynomial for the
nonlinear term u2 can be obtained using Eq. (8) and is
given as follows:
Ay = (t2e?®)) (30)
The first component of the solution can be obtained
by settingn = 0 into Eq. (29) and by using Eq. (28)
and (30), it yields:

t3 t4
Uuq (X, v, t) = <_ex+y + EeZ(x+y)>

+ L71(4,), forn

6 3D

For the next component first, we compute the
Adomian polynomial by using Eqg. (8); thus, it yields:

B, = (%t462(x+y) +%t5€3(x+y)) (32)

Now, by setting n = 1 into Eq. (29) and then by
using Eq. (31) and (32), it yields:
5 6

t t
— x+y 2(x+y)
uz (x,y,t) <1203 +se

t7
+m€3(x+y)) (33)

In a similar manner, the third component is obtained
as
7 8

t t
usz(x,y,t) = ( Xty 4 — o2(xty)

5040 420

227t°

90720

19¢10

22680

Thus, the approximate solution for a two-

dimensional wave equation with derivative nonlinearity

is given as:

6, y,t) =ug+ug +uy + -

t3  td t’
=1+<t+—+—+ )e“y

+ e3(x+y)

+

e4(x+y)) (34)

6 ' 120 ' 5040
t4 t6 t8
44 )e2Gty)
+<12+45+420>e
7 9
L2278
126 * 90720
19¢10
4c+y) 4 . 35
" 22680° * (35)

3.2.2. Solution by VIM
Next, we will construct the approximate solution
problem given in Egs. (26) and (27) by using VIM.

Thus, by variational functional for Eqg. (26) and the
Lagrange value as given in Eq. (22) is given as
Un+1(%, ¥, 1)

[ 0%u, 10%u,

t 982 2 9x2

=u, + —t dé (36

G o £ (36
2 dy? 0x

For the first approximation, put n = 0 into Eq. (36)
and use Eq. (28); it yields:
3

t
u;(x,y,t) =1+ te*™ + Ze“y

th 2y
_ p2(x+y )
+ B e (37)
By setting n = 1 into Eq. (36) and use Eq. (37); it
yields:
3 5

uZ(x'y:t) =1+ <t+—+_ eX+y

6 ' 120
t* ¢ 13t8
-4 2(x+y)
* (12 Tt 19152> ¢

) e
4 | o3ty
* (126 * 1296) ¢
10

+%e4(x+y) (38)

Thus, the final approximate solution is given as

ulx,y,t) =ug+u; +uy + -

=1+ t+—+t— ety
6 120

t* % 13¢8
-+ 2(x+y)
* (12 Tt 19152) ¢

t’ t? (+y)
o 3(x+y
* (126 * 1296) ¢
10

t
4x+y) 4 ...

. +.324Oe. .+ : 5%
The graphical illustration in Fig. 2 of the
approximate solutions obtained for a two-dimensional
wave equation with derivative nonlinearity by ADM

and VIM yields similar approximations.

(b)
Fig. 2 Approximations of the solutions for two-dimensional wave
equations with derivative nonlinearity: (a) ADM and (b) VIM for
x =[0.101,0.106],y = [0.151,0.66] and t = 0.05
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Table 2: Approximations of solutions for derivative nonlinearity case

t x ¥ ADM VIM ADM-VIM
0.01| 0.101 | 0.151 | 1.0128661761 | 1.0128661761 0
0.02 | 0.102 | 0.11 | 1.0246999140 | 1.0246999140 0
0.03 | 0.103 | 0.25 | 1.0426637910 | 1.0426637910 0
0.04 | 0.104 | 0.31 | 1.0604704108 | 1.0604704108 0
0.05| 0.105 | 0.355 | 1.0791192428 | 1.0791192428 0
0.06 | 0.106 | 0.41 | 1.1003811657 | 1.1003811657 0
0.07 | 0.107 | 0.455 | 1.1225920058 | 1.12259200358 0
0.08 | 0.108 | 0.51 | 1.1481421146 | 1.1481421146 0
0.09 | 0.109 | 0.55 | 1.1736039265 | 1.1736039265 0
0.1 | 0.1095| 0.66 | 1.2155118204 | 1.2155118203 | 0.00000000001

It can easily be observed from Table 2 that the
approximations of the solutions obtained by ADM and
VIM are correct up to 10 decimal places, and both
methods effectively solve a two-dimensional nonlinear
wave equation.

3.3. Problem 3: A Two-Dimensional Wave Equation
by Derivative Multiple Nonlinearity

Let us consider a two-dimensional wave equation
with derivative multiple nonlinearities as follows:

1
U =5 (Urx + Uy ) + utsy (40)
Subjects to the specified initial conditions are

considered as
u(x,vy,0) = Land u,(x,y,0) = e**V (41)

3.3.1. Solution by the ADM
To determine the terms of the decomposition of the
solution u(x, y, t) of Eq. (5), we use Eq. (7); it yields:
ug(x,y,t) = (1 + te**”) (42)
Other remaining terms can be obtained using the
recursive relation given as

1
U1 (6,3, 8) = 5 Lt L ) + Ly ] + L (An),
forn=0 (43)
The zeroth order Adomian polynomial for the
nonlinear term uu, can be obtained using Eq. (8) and
iS given as
Ag = (te™™ + t2e?* ) (44)
By setting n=0 into Eq. (43) and then by using Eq.
(42) and (44), it yields
— t° x+y tt 2(x+y) 45
u (x,y,t) = 3¢ +E€ (45)

In a similar manner, the next two components are
obtained as

u, (x,y,t) = ieﬁy + 7_t662(x+y)
2 30 180
t7
+E83(x+y)) B (46)
and the third component is as follows:
uz (7X, Y t) = 8
T opxty L YU 2(x+y)
630 TN em (47)
37t g3Ge4y) 4 L pa(xty)
+ 5048 € + %520 ¢

Thus, the approximated solution is given as
uU=ug+u +u;+--

3 5 7
=1+t+i+£4_—-ﬂﬂ
3 30 630
4 6 8
t_+7i+ 19¢ e2(x+y)
12 ° 180 ' 5040
7 9
LA S peToess
168 15120
19¢10
+ 4x+y) 4oL 48
45360 ° (48)

3.3.2. Solution by VIM

Next, we will construct the approximate solution to
the problem in Egs. (40) and (41) by using VIM. Thus,
by variational functional for Eg. (40) and the Lagrange
value given in Eq. (22), it yields:

Up+1
- azun -
10%u,

=un+f0t(f—t)| l|lag (a9)

2 0x2
10%u, ou,
2 0y? Unox /|

For the first app_roximation, put n=0 into Eq. (49),
and by using Eq. (42), it yields:

£3
ur(x, y,t) = (1 + te Y + gexﬂ
£ e
_ p2x+y )
12 (50)
Similarly, the following approximations are

obtained by settingn = 1 into Eqg. (49) and by using
Eq. (50), it yields:

t3 5 tr 76 8
=1 — +— | e*ty a4~ ) p2ttn
u (x, y,t) +<t+3+30>e +<12+180+504>e
f7 t9 ) ) th
R _ 3(x+y 4(x+y) 1
* <168 * 864) ERTTh 1)

Thus, the final solution is given as

u=ug+u +u, +- -

t3 t°
=1+(t+5+=|e™
3 30

t* 7te 8
4 ) e2GHy)
BACVARTIR 504)6
T
4 ) e3Gty
* <168 * 864) ¢

10
+me4(ﬁy) 4. (52)
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(b)

Fig. 3 Approximations of the solutions for two-dimensional wave

equations with derivative multiple nonlinearities: (a) ADM and (b)
VIM for x = [0.101,0.106],y = [0.151,0.66] and t = 0.05

The graphical illustration given in Fig. 3 of the
approximate solutions obtained by ADM and VIM has
a high accuracy level, demonstrating the effectiveness
and reliability of both methods for nonlinear problems.

Table 3: Approximations of the solution for derivative multiple nonlinearity case

t x ¥ ADM VIM |ADM-VIM
0.01 0.101 0.151 1.0128663906 | 1.0128663906 0
002 0.102 0.11 1.0225529607 | 1.0225529607 0
0.03 0.103 0.25 1.0393108401 | 10393108401 0
0.04 0.104 0.31 1.0562283020 | 1.0562283020 0
0.05 0.105 0.335 1.0739117334 | 1.0730117334 0
0.06 0.106 0.41 1.09042143511 | 1.0042143511 0
0.07 0.107 0.455 1.1136045363 | 11156045363 0
0.08 0.108 0.51 1.1403632659 | 1.1403632639 0
0.09 0.108 0.55 1.1632764397 | 11652764597 0
01 0.1095 0.66 1.2061641587 | 1.2061641587 0

It can be easily observed from Table 3 that the
approximations of the solutions obtained by ADM and
VIM are correct up to 10 decimal places, and both
methods effectively solve a two-dimensional nonlinear
wave equation.

4. Conclusion
This paper examined a two-dimensional wave

equation in the presence of power and derivative
nonlinearity with suitable initial conditions. The
approximate solutions of a two-dimensional wave
equation with power and derivative nonlinearity were
obtained by the Adomian decomposition method and
the variational iteration method. The main finding is
that for the power nonlinearity case, the approximate
solutions obtained by both methods yield correct
solutions up to 6 decimal places, as given in Table 1.
For the derivative nonlinearity case, the solutions
obtained by both methods were similar up to 10
decimal places, as in Table 2. In the case of the
derivative multiple nonlinearities, both methods
provided solutions correct to 10 decimal places, as in
Table 3. Both methods provide almost similar series
solutions in each nonlinearity case that converge in a
very small time domain, which is the main
disadvantage of these methods. In the future, it is
possible to compare these methods for the nonlinear
fractional wave equation.

References

[1] DEHRAJ S., SANDILO S.H., and MALOOKANI R.A.
On applicability of truncation method for damped axially
moving string. Journal of Vibroengineering, 2020, 22(2):
337-352. https://doi.org/10.21595/jve.2020.21192

[2] MALOOKANI R.A., and VAN HORRESON W.T. On
resonances and the applicability of Galerkin's truncation
method for an axially moving string with time-varying
velocity. Journal of Sound and Vibration, 2015, (344): 1-17.
https://doi.org/10.1016/j.jsv.2015.01.051

[3] MALOOKANI R.A.,, DEHRAJS., and SANDILO S.H.
Asymptotic Approximation of the Solutions for a Travelling
String under Boundary Damping. Journal of Applied
Computational ~ Mechanics, 2019, 5(5): 918-925.
https://doi.org/10.22055/jacm.2019.28331.1477

[4] SANDILO S.H., and VAN HORRESON W.T. On
variable length induced vibrations of vertical string. Journal
of Sound and Vibration, 2014, 333: 2432-2449.
https://doi.org/10.1016/j.jsv.2014.01.011

[5] AASOORI S.K., MALOOKANI R.A., SANDILO
DEHRAJ H.S., and SHEIKH A.H. On transversal vibrations
of an axially moving string under structural damping.
Journal of Mechanics Continua and Mathematical Sciences,
2020, 15(8): 93-108.
http://dx.doi.org/10.26782/jmcms.2020.08.00010

[6] YILDIRIM A., and OZIS T. Solutions of singular I\VPs of
Lane-Emden type by Homotopy perturbation method.
Physics Letters A, 2007, 369(1-2): 70-76.
https://doi.org/10.1016/j.physleta.2007.04.072

[7] BERBERLER M.E., and YILDIRIM A. He's homotopy
perturbation method for solving the shock wave equations.
Applicable Analysis, 2009, 88(7): 997-1004.
https://doi.org/10.1080/00036810903114767

[8] CHUN C., JAFARI H., and KIM Y.l. Numerical
methods for the wave and nonlinear diffusion equation with
the homotopy perturbation method. Computers and
Mathematics with Applications, 2009, 57: 1226-1231.
https://doi.org/10.1016/j.camwa.2009.01.013

[9] GHASEMI M., KAJANI M.T., and DAVARI A.
Numerical solution of two-dimensional nonlinear differential
equation by homotopy perturbation method. Applied


https://doi.org/10.1016/j.jsv.2015.01.051
https://doi.org/10.22055/jacm.2019.28331.1477
https://doi.org/10.1016/j.jsv.2014.01.011
http://dx.doi.org/10.26782/jmcms.2020.08.00010
https://doi.org/10.1016/j.physleta.2007.04.072
https://doi.org/10.1080/00036810903114767
https://doi.org/10.1016/j.camwa.2009.01.013

Dehraj et al. A Comparison of the Adomian Decomposition Method and Variational Iteration Method for a Two-Dimensional Nonlinear Wave

35

Equation, Vol. 50 No. 2 February 2023

Mathematics and Computations, 2007, 189: 341-345.

[10] GHASEMI M., KAJANI M.T., and BABOLIAN E.
Application of He's homotopy perturbation method to non-
linear integro-differential equations. Applied Mathematics
and Computations, 2007, 188: 538-548.
https://doi.org/10.1016/j.amc.2006.10.016

[11] SAELAO J., and YOKCHOO N. The solution of
Klien-Gordon equation by using Adomian modified
decomposition method. Mathematics and Computers in

Simulation, 2020, 171: 94-102.
https://doi.org/10.1016/j.matcom.2019.10.010
[12] BIAZAR J.,BABOLIAN E.,and ISLAM M.R.

Solution of the system of ordinary differential equations by
Adomian decomposition method. Applied Mathematics and
Computation, 2004, 147: 713-719.
https://doi.org/10.1016/S0096-3003(02)00806-8

[13] LU T., and ZHENG W. Adomian decomposition
method for first order PDEs with un-prescribed data.
Alexandria Engineering Journal, 2021, 60: 2563-2572.
https://doi.org/10.1016/j.aej.2020.12.021

[14] DABWAN N.M., and HASAN Y.Q. Solution of
fractional differential equations by modified Adomian
decomposition method. Advances in Mathematics: Scientific
Journal, 2020, 9(7): 4761-4767. DOI: 10.37418/amsj.9.7.42
[15] KAYA D. An application of the decomposition method
for second order wave equations. International Journal of
Computer ~ Mathematics, 2007,  75(2):  235-245.
https://doi.org/10.1080/00207160008804979

[16] AHMED I., MU C., and ZHANG F. Exact solution of
the Biswas-Milovis equation by Adomian decomposition
method. International Journal of Applied Mathematics
Research, 2013, 2(4): 418-422.

[17] HEMEDA A.A. Variational Iteration method for
solving wave equations. Computers and Mathematics with
Applications, 2008, 56: 1948-1953.
https://doi.org/10.1016/j.camwa.2008.04.010

[18] ODIBAT Z.M., and MOMANI S. Application of
variational iteration method to nonlinear differential
equations of fractional order. International Journal of
Nonlinear Sciences and Numerical Simulation, 2006, 7(1):
27-34. https://doi.org/10.1515/1JNSNS.2006.7.1.27

[19] DEHGHAN M., and SHAKERI F. Approximate
solution of a differential equation arising in astrophysics
using the variational iteration method. New Astronomy,
2008, 13(2): 53-59.
https://doi.org/10.1016/j.newast.2007.06.012

[20] WANG S.Q., and HE J.H. Variational iteration method
for solving integro-differential equations. Physics Letters A,
2007, 367(3): 188-191.
https://doi.org/10.1016/j.physleta.2007.02.049

[21] KESKIN Y., and OTURANC G. Reduced differential

transform method for partial differential
equations. International Journal of Nonlinear Sciences and
Numerical Simulation, 2009, 10(6): 741-750.

https://doi.org/10.1515/IINSNS.2009.10.6.741

[22] JAFARI H., JASSIM H.K., MOSHOKOA S.P,
ARIYAN V.M., and TCHIER F. Reduced differential
transform method for partial differential equations within
local fractional derivative operators. Advances in Mechanical
Engineering, 2016, 8(4).
https://doi.org/10.1177/1687814016633013

[23] BABOLIAN E., and BIAZAR J. Solution of nonlinear
equations by  modified Adomian  decomposition
method. Applied Mathematics and Computation, 2002,

132(1): 167-172.
3003(01)00184-9

[24] HOSSEINI M.M., and NASABZADEH H. Modified
Adomian decomposition method for specific second order
ordinary differential equations. Applied Mathematics and
Computation, 2007, 186(1): 117-123.
https://doi.org/10.1016/j.amc.2006.07.094

[25] RAMANA P\, and PRASAD B.R. MODIFIED
Adomian decomposition method for Van der Pol
equations. International Journal of Non-Linear Mechanics,
2014, 65: 121-132.
https://doi.org/10.1016/j.ijnonlinmec.2014.03.006

[26] BUTCHER J.C. Numerical methods for ordinary
differential equations in the 20th century. Journal of
Computational and Applied Mathematics, 2000, 125(1-2): 1-
29. https://doi.org/10.1016/S0377-0427(00)00455-6

[27] BUTCHER J.C. Numerical methods for ordinary
differential equations. John Wiley and Sons, 2016.

[28] TADMOR E. A review of numerical methods for
nonlinear partial differential equations. Bulletin of the
American Mathematical Society, 2012, 49(4): 507-554.

[29] KASUMO C. Application of the Adomian
decomposition method to the solution of the nonlinear non-
homogeneous one-dimensional wave equation. Journal of
Applied Mathematics and Computation, 2020, 4(2): 34-42.
http://dx.doi.org/10.26855/jamc.2020.06.004

https://doi.org/10.1016/S0096

[30] HASHIM 1. Adomian decomposition method for
solving BVPs for fourth-order integro-differential
equations. Journal  of  Computational and  Applied
Mathematics, 193(2): 658-664.

https://doi.org/10.1016/j.cam.2005.05.034

[31] AFREEN A., and RAHEEM A. Study of a nonlinear
system of fractional differential equations with deviated
arguments via Adomian decomposition
method. International Journal of Applied and Computational
Mathematics, 2022, 8(5): 1-17.
https://link.springer.com/article/10.1007/s40819-022-01464-
5

[32] BLANCO-COCOM L., ESTRELLA A.G., and AVILA-
VALES E. Delay differential systems with history functions
by the Adomian decomposition  method. Applied
Mathematics and Computation, 2012, 218(10): 5994-6011.
https://doi.org/10.1016/j.amc.2011.11.082

[33] WAZWAZ AM. A comparison between Adomian
Decomposition Method and Taylor series method in the
series solution. Applied Mathematics and Computation,
1998, 97: 37-44. https://doi.org/10.1016/S0096-
3003(97)10127-8

[34] SARAVANAN, A., and MAGESH N. A comparison
between the reduced differential transform method and the
Adomian decomposition method for the Newell-Whitehead-
Segel equation. Journal of the Egyptian Mathematical
Society, 2013, 21: 259-265.
https://doi.org/10.1016/j.joems.2013.03.004

[35] BAGAYOGO M., PARE Y., and MINOUNGOU Y. An
approached solution of wave equation with cubic damping
by Homotopy perturbation method, regular perturbation
method, and Adomian decomposition method. Journal of
Mathematics and Research, 2018, 10(2): 166-181.

[36] SADIGHI A., and GANJI D.D. Exact solutions of
Laplace equation by Homotopy perturbation method and
Adomian decomposition methods. Physics Letters A, 2007,
367: 83-87. https://doi.org/10.1016/j.physleta.2007.02.082
[371 AHMED S.A. A comparison between modified



https://doi.org/10.1016/j.amc.2006.10.016
https://doi.org/10.1016/j.matcom.2019.10.010
https://www.sciencedirect.com/author/6603624618/esmaeil-babolian
https://doi.org/10.1016/S0096-3003(02)00806-8
https://doi.org/10.1016/j.aej.2020.12.021
http://dx.doi.org/10.37418/amsj.9.7.42
https://doi.org/10.1080/00207160008804979
https://journaldatabase.info/database/search.html?search_type=Author&search_inp=Chunlai%20Mu
https://journaldatabase.info/database/search.html?search_type=Author&search_inp=Fuchen%20Zhang
https://doi.org/10.1016/j.camwa.2008.04.010
https://doi.org/10.1515/IJNSNS.2006.7.1.27
https://doi.org/10.1016/j.newast.2007.06.012
https://doi.org/10.1016/j.physleta.2007.02.049
https://doi.org/10.1515/IJNSNS.2009.10.6.741
https://doi.org/10.1177/1687814016633013
https://doi.org/10.1016/S0096%203003(01)00184-9
https://doi.org/10.1016/S0096%203003(01)00184-9
https://doi.org/10.1016/j.amc.2006.07.094
https://doi.org/10.1016/j.ijnonlinmec.2014.03.006
https://doi.org/10.1016/S0377-0427(00)00455-6
http://dx.doi.org/10.26855/jamc.2020.06.004
https://doi.org/10.1016/j.cam.2005.05.034
https://link.springer.com/article/10.1007/s40819-022-01464-5
https://link.springer.com/article/10.1007/s40819-022-01464-5
https://doi.org/10.1016/j.amc.2011.11.082
https://doi.org/10.1016/S0096-3003(97)10127-8
https://doi.org/10.1016/S0096-3003(97)10127-8
https://doi.org/10.1016/j.joems.2013.03.004
https://doi.org/10.1016/j.physleta.2007.02.082

36

Sumudu decomposition method and Homotopy perturbation
method. Applied Mathematics, 2018, 9: 199-206.
DOI: 10.4236/am.2018.93014

[38] ABBAS T., HAQ E.U., HASSAN Q.U., MAJEED A,
and AHMAD B. Application of Adomian decomposition,
Variational iteration, and series solution methods to analysis
of integral differential equations. Journal of Science and
Arts, 2022, 22(3): 655-662. DOI: 10.46939/J.Sci.Arts-22.3-

al2

[39] WAZWAZ A-.M. Partial Differential Equations and
Solitary Waves Theory. Springer, 20009.

[40] HE J. A new approach to nonlinear partial differential
equations, Communication in Nonlinear Science and
Numerical Simulations, 1997, 2(4): 230-235.
https://doi.org/10.1016/S1007-5704(97)90007-1

BE:
[1] DEHRAJ S.. SANDILO S.H. f1 MALOOKANI R.A.
REL JE. i 1) 38 B o W A W T R M, IR B LR B R,
2020, 22(2): 337-352.
https://doi.org/10.21595/jve.2020.21192

[2] MALOOKANI R.A. it VAN HORRESON W.T. B
SR (D o 4 4B B 7 12 S EL A IR AR ) sl [ A% B kY
A, B R B HEGE, 2015,  (344) : 1-17,
https://doi.org/10.1016/j.jsv.2015.01.051

[3] MALOOKANI R.A.. DEHRAJ S. #1 SANDILO S.H.
B PRE TAT KRR T E . R ) RS,
2019, 5(5): 918-925.
https://doi.org/10.22055/jacm.2019.28331.1477

[4] SANDILO S.H. f1 VAN HORRESON W.T. R jA i H
KRR R LA AR RS, T BUREDERE. 2014, 333:
2432-2449, https://doi.org/10.1016/j.jsv.2014.01.011

[5] AASOORI S.K.. MALOOKANI R.A., SANDILO
DEHRAJ H.S. il SHEIKH A.H. Bl AR5 FEE T i m) £ Eh
SRR RS, ) B R B R B R, 2020, 15(8):
93-108. http://dx.doi.org/10.26782/jmcms.2020.08.00010

[6] YILDIRIM A. i1 OZIS T. it 7] i i R i i -
BREBRFAAAFRYEME, WEPR® A, 2007,
369(1-2) : 70-76 .
https://doi.org/10.1016/j.physleta.2007.04.072

[7] BERBERLER M.E. 11 YILDIRIM A. i [ fi ik
KM 7 B, 8 M 2> A, 2009, 88(7): 997-1004.
https://doi.org/10.1080/00036810903114767

[8] CHUN C.. JAFARI H. 1 KIM Y.1. JH R st is kg
BN FERR P BT R R BB 5 1, G B B e HOE
M , 2009, 57 1226-1231.
https://doi.org/10.1016/j.camwa.2009.01.013

[9] GHASEMI M., KAJANI M.T. f1 DAVARI A. —#fE3f
MRVEDS Sy 07 FR 00 [Fm P BB AR, B B B G AL
2007, 189 : 341-345,

[10] GHASEMI M., KAJANI M.T. Fii BABOLIAN E. fi
B[R] i 8 7 YA AE R AERE S0 i oy T RE A JET . JE T
# & W 3 & | 2007, 188  538-548.
https://doi.org/10.1016/j.amc.2006.10.016

[11] SAELAO J. f1 YOKCHOO N. Fa7é K-k & 7 FEAOfiR
BB 22 KL AE I 3 i vh . R rp A BB R G SRR
2020 , 171 : 94-102 o
https://doi.org/10.1016/j.matcom.2019.10.010

[12] BIAZAR J., BABOLIAN E. 1 ISLAM M.R. 2%
K2 oy fRE R ARy ST REAR, HE I BCEL BB, 2004,
147: 713-719. https://doi.org/10.1016/S0096-
3003(02)00806-8

[13] LU T. 1 ZHENG W. [ & K223 fig 1k, MR B
RIGEBIRH— P Ry 1, SRR LR LRSS,
2021 , 60 : 2563-2572 o
https://doi.org/10.1016/j.a€j.2020.12.021
[14] DABWAN N.M. fl HASAN Y.Q. FcktEryf £ 2
Y PRITUE SRR BB oy . B R - RS,
2020, 9(7) : 4761-4767, DOI: 10.37418/ams;j.9.7.42

[15] KAYA D. [ &h S RE o i 5 a0 e, BIBSEHH
B % B oS5, 2007, 75 (2) 235-245
https://doi.org/10.1080/00207160008804979

[16] AHMED I.. MU C. fi1 ZHANG F. FHF 26 K 2255 fifis:
R e SR A L30T FUIT- RV MEST e, BB ) B AT e A
8, 2013, 2(4): 418-422.

[17] HEMEDA AA. KR &) 5 R 3 1k R0E, GHA
B B W £ FCOME ), 2008, 56: 1948-1953.
https://doi.org/10.1016/j.camwa.2008.04.010

[18] ODIBAT Z.M. 1 MOMANI S. #8453k ARIELE 5y B
BRIy R A E R . BIBR IR R £ B (B A R
it 3 : 2006, 7(2): 27-34.
https://doi.org/10.1515/IJNSNS.2006.7.1.27

[19] DEHGHAN M. F1 SHAKERI F. i 875 1% Ay E ST (L)
fiR R B B (B R ASS iR, BT R SCE,, 2008, 13(1):
53-59. https://doi.org/10.1016/j.newast.2007.06.012

[20] WANG S.Q. #il HE J.H. sRARFE S5y J7 FRrt st 4y 15k
R, EPEH A, 2007, 367(3) : 188-191,
https://doi.org/10.1016/j.physleta.2007.02.049

[21] KESKIN Y. Fil OTURANC G. fmf# %y 5 B bk
Gy SR T 1, BRI B IR AR R R B B BB B R AR B, 2009,
10(6): 741-750.
https://doi.org/10.1515/IJNSNS.2009.10.6.741

[22] JAFARI H.. JASSIM H.K.. MOSHOKOA S.P..
ARIYAN V.M. 1 TCHIER F. J& 84y BiPd s 8 s + R
oy 7 R AL oy S A 7 s, BR AR L RR R, 2016,
8(4). https://doi.org/10.1177/1687814016633013

[23] BABOLIAN E. i1 BIAZAR J. FEIEHIB £ K22 3 ik
IESRIRIEBRME T, HEHBCELBAGTARL, 2002, 132(1): 167-
172. https://doi.org/10.1016/S0096 3003(01)00184-9

[24] HOSSEINI M.M. fil NASABZADEH H. #5& —P& %,
oy 5 RERVE IE B 2 oK 22 oy iR 05 1, e T B2 B G AL
2007, 186(1): 117-123.
https://doi.org/10.1016/j.amc.2006.07.094

[25] RAMANA P.V. f1 PRASAD B.R. tiitEpy7u s #i
FRANBAT 22 K22 50 iR 7 15, BRI ) B2 4ERE, 2014, 65:
121-132.

https://doi.org/10.1016/j.ijnonlinmec.2014.03.006

[26] BUTCHER J.C. 20 it # ik 7 FEm BB 71k, &
OB OE O %W & 4 5%, 2000, 125(1-2): 1-29.
https://doi.org/10.1016/S0377-0427(00)00455-6

[27] BUTCHER J.C. 15y HFEAIEHE 7 15, K9 BF]
T, 2016 £F,

[28] TADMOR E. FEfRME (MM oy 7 e S B )7 kil , %
B G NH, 2012 4F, 49(4) : 507-554,


https://doi.org/10.4236/am.2018.93014
http://dx.doi.org/10.46939/J.Sci.Arts-22.3-a12
http://dx.doi.org/10.46939/J.Sci.Arts-22.3-a12
https://doi.org/10.1016/S1007-5704(97)90007-
https://doi.org/10.1016/j.physleta.2007.02.049

Dehraj et al. A Comparison of the Adomian Decomposition Method and Variational Iteration Method for a Two-Dimensional Nonlinear Wave

37

Equation, Vol. 50 No. 2 February 2023

[29] KASUMO C. B2 K22 53 fif J7 VAT KRR IR I 75
R e B R R AR, SR B R, 2020,
4(2): 34-42. http://dx.doi.org/10.26855/jamc.2020.06.004
[30] HASHIM 1. SR USRS 53 oy 07 23 R R BT 2
Koy R TG, FHA BLE N R, 193 (2) @ 658-
664, https://doi.org/10.1016/j.cam.2005.05.034

[31] AFREEN A. Fil RAHEEM A. [ 22 k22 53 fif 05 14
WFE B AR 725 2 B 53 BRIy 05 FR A FERR A R
BE e A B OGRS B g 36, 2022, 8(5): 1-17.
https://link.springer.com/article/10.1007/s40819-022-01464-
5

[32] BLANCO-COCOM L., ESTRELLA A.G. il AVILA-
VALES E. 181 [ 25 K 22 53 fif 5 15 5E 8 B AT B B B e
Moy i, JWEF B ELGEE, 2012, 218(10): 5994-6011.
https://doi.org/10.1016/j.amc.2011.11.082

[33] WAZWAZ AM. [i] 25 K% oy fift 10 B AR B AR OB AR AR
BOR MR Py bR, JE WO BLEE, 1998, 97: 37-44.
https://doi.org/10.1016/S0096-3003(97)10127-8

[34] SARAVANAN, A., F1 MAGESH N. #t) 0 7 -5 4 4
-FERG AT TR B Al 25 53 SR M T TR RN B 2 K 22 3 iR 05 1R 1)
th, Rk B E G EGE, 2013 4E, 21 : 259-265,
https://doi.org/10.1016/j.joems.2013.03.004

[35] BAGAYOGO M., PARE Y. f MINOUNGOU Y. i#
s [F AR VS . IR R E BT 22 K 22 oy il vb oKk i B A
SRR E) TR, BB B ZE4ERS, 2018, 10(2): 166-
181.

[36] SADIGHI A. 1 GANJI D.D. H[rl i B Fnpy £ K
Lo SRR R B RS R iR, B A, 2007
, 367 : 83-87 o
https://doi.org/10.1016/j.physleta.2007.02.082

[37] AHMED S.A. SR SR AH 77 fif 7 14 BL R fm i 7
B bW, JE A Bk £ 2018, 9: 199-206. DOI :
10.4236/am.2018.93014

[38] ABBAS T., HAQ E.U., HASSAN Q.U., MAJEED
A. 1 AHMAD B, B2 K225 fif, 5855k ARk SR fig
FETERE o AR AT R E A Bl B BLEE i 65K,
2022, 22(3): 655-662. DOI: 10.46939/J.Sci.Arts-22.3-a12
[39] WAZWAZ A-M. TR 7 FFn N Bilam, i S ARAs
, 2009 4,

[40] HE J. FERREMRR S RRAOHT 51k, FERRIERL B ELg
B M # a® A, 1997, 2(4):  230-235.
https://doi.org/10.1016/S1007-5704(97)90007-1



