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Abstract: Let G be a graph with vertex set V = V (G) and edge set E = E(G). Graceful labeling is an
injective function g from the vertex set V to a set of number {0,1,2,...,|E[} which induces a bijective function g/

from the set E to the set of number {0,1,2,..

.,|E[}, where for each edge uv € E with u,v € V applies g'(uv) = |g(u)-

g(v)|. A graph with graceful labeling is called a graceful graph. This research aims to construct a new graph, namely
a W graph, and prove that the W graph is graceful. W graph is a graph constructed from two ladder graphs and one
Cs graph, where Csis formed by connecting the end vertices of each ladder, for example, vi and X1, and by adding a
vertex connected to the vertices vi and xi. In this paper, the authors show that the W graph satisfies the graceful

labeling so that the W graph is graceful.

Keywords: graceful labeling, graph labeling, W graph.

B AR REARE

ME: 3% G RIHBEA=A(G) Mtk 2=2(G) M,

R LR THAAE A8 — LB

{0,1,2,...,]| &I} WEFEE g, ERES CRIEEE {0, 1,2,...,| 4}, HP ¥R GRS £ e
SN e (KIER (BN L)= oz (fF) -2 (4) | MRS A ERE A B R, AT
JeETERS R —(E TR lE, RIS, NP REP e R R, TR F (R R R R —(E Cs [
pRYIE, FF Co i B2 AR A R AR S RS, BI40 vi F X, @RI EER TR vy
Floxq FTEBZ Y,  TEARSCH, FRAMGEEA T Ba B e AT, (R b SR [ S e,

RuiE - LRI, BtRE, ZE,

1. Introduction

A graph G consists of a finite set of vertices V(G)
and a set of edges E(G) consisting of distinct,
unordered pairs of vertices [1]. The graph discussed in
this paper is a simple, undirected, and finite graph. | E |
represents the number of vertices on graph G, and the
number of edges on graph G is represented by |V|.
Graph labeling has been studied since the 60s. Graph
labeling is a branch of graph theory that continues to
develop. Labeling on a graph is the assignment of an
integer value to the elements of the graph, usually a
positive integer. Alex Rosa first discovered graceful

labeling in 1967 [2]. Since this discovery, many
researchers have been interested in looking for graceful
labeling constructs and their variations. Graceful
labeling is an injective function g from the set of
vertices V to the set of numbers {0,1,2,...,|E[} which
induces a discrete function g’ from the edge set E to the
set numbers {1,2,...,|E[} , where each edge uv € E with
vertex u,v € V applies g'(uv)=|g(u)-g(v)|. Several graphs
with graceful labeling include tree graphs with vertices
less or equal to 35, circle graph C, for n = 0(mod4) or n
= 3(mod4), and wheel graph W,. Another class of
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graphs known to have graceful labeling can be seen in
the survey conducted by Gallian [3].

The following shows some relevant research:
graceful labeling of paths [4], graceful labeling of
pendant graphs [5, 6, 7], vertex graceful labeling of
caterpillar graphs [8], graceful labeling on torch graph
[9], counting graceful labelings of trees [10], and other
results on super graceful labeling of graphs [11].
Motivated by the above articles, the authors propose
the construction of graceful on W graphs in this paper.
Furthermore, it has been proven that the W graph
satisfies the graceful labeling so that the graph W is a
graceful graph.

The organization of the paper is as follows. The
authors present the construction of the W graph in the
second section. In the third section, the authors prove
that the W graph is graceful. Finally, the authors
concluded the paper in section four.

The research method used is a literature study by
studying journal articles and books related to the
research topic. Furthermore, the results of this literature
study are used as a theoretical basis for obtaining
graceful labeling on the W graph.

2. Preliminaries

Previously, the authors give some definitions for
constructing a new graph in this paper.

Definition 2.1. kC,-snake graphs with &k =1 is a

connected graph with & blocks whose block-cut point
graph is a path, and each of the & blocks is isomorphic
to C..

Definition 2.2. Ladder graph L, or B, x P, is
defined as the Cartesian product of path graph E, and
path graph P;.

The authors construct a new graph from these
definitions, which is called as ¥ graph.

Definition 2.3. W graph, denoted by W™, is a graph
constructed by two ladder graphs L{(n + 1),n = 1, and
a circle graph C3 where a circle graph C5 is formed by

connecting the vertices of the ends of two ladders, for
example, 4y and x;, and add a vertex connected to

vertices, vy and x.
The following Figure 1 shows the graph W,

@ &
Fig. 1 The graph it

The graph W™, with its vertices, is shown in Figure
2.
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Fig. 2 The graph W

3. Main Result

In this section, the authors prove that the W graph is

graceful.
Theorem 3.1. ¥ graph is a graceful graph.

Proof. The graph W™ has |V|=4n+5 and
|[E|=6n+5. The set of vertices and edges of the
graph W™, respectively, are

Viw®)={uy;[1=i=n+1lu{nl=i=n+11U

Wmluixl=i=n+1luiyi=i=n+1])
and

E(W™) ={uu;q|1=i =nlu{vvqll=i=nlu

furli=i=n+ 10U {mwlu{xwiu {oyx U

ixgl=i=njuiyyml=i=n}uigyll=

i=n+1)

There exists injective function g from V{ ™) to
{0,1,2, ....6n + 5}. Consider a labeling of vertices
g:V{Ww™) = {0,1,2,....6n + 5} on graph W™ defined
as follows:

gw) =0 (1)

gluy) =1 )

glu)=3n+>+3, if ¢ is odd, and
{ I=i=nn isaada 3)
I=i=n+1,niseven

glu,) =3n+5- % i, i is even, and
{2£i£n+1jnisc:‘dd @)

2=1i=mn, niseven

glvy) =6n+4 (5)
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3(1?.-}=3n+%—§a‘, iis
I=i=nmnisodd (6)
I=Zi=n+1niseven
glv,)=3n+1 +§i, i is even, and
_’Zq_ia'.iin+‘lj:nisadd )
L 2=1i=mn, niseven
g(x;) = 6n +%—ga‘, iis odd, and

1=i=nmnisodd

odd, and {

11 =i=n+1, niseven (8)
glxi)=1 +§1’ , i is even, and

(2=i=n+1n isodd

) )

. 2 =i=mn, niseven
gy = §+ %a‘, i is odd, and
| 1=i=n nisodd
L1l=i=n+1, niseven
gly)=6n+6— gij i is even, and
(2=i=n+1n isodd
. 2=i=mnmniseven ’
Case 1: if nis odd. From equations (1)-(11), the
authors get the set of vertex labels g(V{ W) ) as

(10)

(11)

{gw)}u {glu}v {glu)liisodd,3 =i = n}u
{gludliis even, 2=i =n+ 1 U {glr )}
{glvliisodd,3 =i =n}U{g(v)iiseven2 =i=
n+1}u{glx;)liisodd, 1 ={ =nju
{glxliiseven2 =i=n+ 1} U {g(y,)iisodd,1 <
f=n}u{gly)liiseven 2 <i<n+1}

Thus,

g(viwm))={0}u{t}u
3};|n+z'¢'k Eu+3]'u
sk+2|in+=k=nlulen+ 4hu
sk+1|in+lsk=nlu

3k +1|r:|+1-~h'~-n+ Ju
sk+2|In+ kg 2m+ 1fu
sk+ftskst+ufakfisrsls

I:IIH
-

=
=

Caa

n+-':k-'~’2n+1] [3A|1fa < -]u

- 5

k|3
A|n+2~u <in+ }u
K3

Cmd

n+-*‘k£2n+1]
k+1ftsk=in+u
sk+1]in+ sk =nlu
sk+tn+tsksintifu

}L+’J| :c-kin}u

ﬂ‘ﬁﬂ‘ﬂﬁ‘ﬂﬁ‘ﬂﬁ‘ﬂﬁﬁ?ﬁﬂﬁﬁ”ﬁﬁﬁﬁﬁﬁﬁ

3k+2|in4dzkzoms 1)

From the formula of vertex labels (1)-(11) of the
graph W™ the authors can see that labels of all

vertices are all different from each other and are a
subset of f0,1,2, ....6n + 5}.
Therefore, g: V{ W™) — {0,1,2, ...,6n + 5} is injective.

Then, g mapping induces a g* mapping of E{I¥™)
to the set {1,2,3,....,6n + 5} defined by
g ) =g) —glw)|, vur e E(W"), and it is a
bijective function.

By using the vertex label, the authors can have label
of edges g*: V( W") = {1,2,3,...,6n + 5} as follows:

g (wxy)=6n+5 (12)
g'(wiy)=6n+4 (13)

g'lugty) =6n+ 3
(14)

g'lugu.)=3n+1 (13

g (uuqy) =31 — 2, and
[ 3={=n,1isodd
2=i=n—11i5 even

(16)

g'(ryvy) =3n (17

g (vyveq) =31 — 3. and
I={=ntisodd
" 18
[EEIEH—I.IEseven (18)
g lxx)=6n+4—-3% . and
1={=mn,iisodd
19
{3 t=n—11is even (19)
yveq)=6n+3 -3 . and
=i=ni is.odd 20)
=n—11is even

g'lryxy) =1 (21)

g (u;vy) =31 — 4, and
[ 3= =n1iso0dd
2=i=n+11iseven

(22)

g'(xpy)=6n+5—3i and
[ 1={=mn,iisodd
2=i=n+11iseven

(23)

From the edge labels (12)-(23), the authors can see
that labels of all edges are all different and surjective.
Those take all members of {1,2, 3,...,6n + 5} Thus,

g E(W")—={1,2,3 ...6n + 5} is bijective since the
vertex labeling function g is injective and induces a
bijective labeling function g*, so g is graceful labeling
on the W graph.

Case 2: if n is even. From equations (1)-(11), w the
authors e get the set of vertex labels g(V{ W™)) as
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{Fwtu{gu)iu{glu)liodd.3 i =n+1}u
Eg(u,)h iseven 2= (= n}uU Q?':l":l:'} U

fglvdliisedd. 3 cicn+ 1l uliglyliiseven 2 <1<
nulgix)liisodd.1sisn+1}u

fglxdiiseven.2 = i = nlufgly)lliisodd.l2izn +
1l u {Q[}';--”i iseven.2 £i < n}

Thus,

Fvewm) = vt {Bkn+ 22k s3n+1fu
{3k+2| rl+l*’k£ﬂ—2}UEﬁn+'}3U
{3.&-1|-n+].~=:.-rfn] {3k +1ln+1 =k <in}u
(3k+2in+1ckzmsrju{an+ifiziifu
(skft=ksi+1fufk|int2zhzamt)=
(3ktekci+1jufsklr+2ckeinriu
{3k|-n+7¢'k-¢2n+l} Bk +1frzksfu
(e+1lin+t1zhsnfufBk+in+t gk zinfu
{3R+2| ntlsksn-2}u

{ n+7{k-¢:2n+l}

From the vertex labels, the authors can see that
labels of all vertices are different, then g is an injective

function. Next, the induced edge labeling g*is defined
by g*(uv) = [g(u) —g(v)|.

By using the vertex label, label of edges
g :V(W")=1{1,2,3,...,6n + 5} is as follows:

g'lwxy)=6n+5

g'lwyy)=6n+4

g i) =6n+3

(26)

g lugus)=3n+1

[ (Hl'u:'.;_-l:l = 3] — 26, and
[35:5:1—1.1 is odd
2=i=n,liseven

g'(wyvy) = 3n

g (vvyq) =31 — 3, and
[35:5;1—1.1 is odd
2=i=n,iiseven

g'lxx)=6mn+4-3i
[lEfEn—l.t is odd
2= =n,liseven

g v )=6n+3-3i
[lEfEn—l.t iz odd
2= i=n.liseven

Q. ["'1-"1.:' =1

g (uv) =31 — 4, and
[35:5:&—1.! is odd
2=i=n,liseven

(34)

g (xy)=6n+5—3i and
1=i=n+111isodd
[ 2=i=n,tiseven
From the edge labels (24)-(35), the authors can see
that labels of all edges are all different and surjective
then g* is a bijective function. Since g is injective and

g is bijective, the authors conclude that the W' graph is

graceful.

(24)
(23)

(27

(28)

(29)

(30)

and

(31)

and

(32)

(33)

(33)

Figure 3 shows an example of graceful labeling

for Wi,

Fig. 3 Graceful labeling for W*

Figure 4 shows an example of graceful labeling

for w2,
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Fig. 4 Graceful labeling for W?

Figure 5 shows an example of graceful labeling

for W+,
| L (* @

. (7% ()
Fig. 5 Graceful labeling for #*

4. Conclusion

Graph labeling is a topic of combinatoric
mathematics research that has developed very rapidly
in recent years. In this article, the authors have
constructed a new graph, namely a ¥ graph, denoted

by W™. The W graph is formed from two ladder graphs
and a circle graph. More precisely, W graph is a graph
constructed by two ladder graphs L{n + 1),n = 1, and
a circle graph C3 where a circle graph C5 is formed by

connecting the vertices of the ends of two ladders, for
example, 4y and x4, and add a vertex connected to
vertices, 7 and x; .. Other authors have never discussed

the discussion of this graph and its labeling. The
authors have defined a labeling vertex g of the vertex

set V' of the W graph to a set of numbers
{0,1,2,...,|E|}, with and |E| = én + 5. The labeling
of the vertices g is a piecewise function, as described

in the discussion. It can be shown that labeling the
vertex g induces a bijective function g* from the set E

to the set of numbers [0,1,2, ..., |E|}, where for each
edge ur e F with wu,v eV applies
g*(uv) = |g{u) — g{v)|. The result showed that the
vertex labeling function g is injective and induces a
bijective labeling function g*. Therefore, the authors
have proved that the ¥ graph is graceful.

This research only discusses graceful labeling on
the newly constructed graph. There are still many types
of graphs that are not known, graceful or not. This can
be used for future research.
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